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Introduotlon 



, The text, Eleme^ary fp^ctAons/^ end this accompanying 
commehtar^ have been produced by a team of high school and 



CO ege mathematics teachers Cor the School Mathematics Study 



Group to^jiBe ft^the/f^^t ha^lf of the lath grade. One obvious 
consequence of a cooperaylvf^wrltlng project ^ of this klndx 



^liwolvlng avdozen.^0^ more Individuals^ Is that the s^yla' of ' 
writing and the level of dlf f loulty. are^ not unlf prm. throughout 
the bookV -'*^ Some chapters are spelled :out in greater detail 

.than fethers^ and In general the p^ce^ Itend^ to accelerate after 
the opening ahapter. We f^el\ that this unevinness of presen- 
tatflon rnay^be helpful in evaluating the effe^otlveness of the 

-textboqk, since , the teadhers^hp las^lt in thel^. cesses 
during the first year wjlll^be' expegted to report upon the ^ 
reiatlve success ,of' the. various > chapiters , In the light ^ of 



r 



these Teports, a su equent revision of the text should produce 
^ more realistic pre sotttati on neither too ^easy .^o^^ too difficult, ^ 



f or higE^seMlbl seniors* ' ^ - m 

^ The book fojlows/ generally the outline recpmmended by 
the Commission on* Ma thema^^ for ^hi first ^^emester of %he 
12th grade* (For a copy of the Commission's R#port^ write to 
.College Entrance Examination Board, /c/o Educ^tidnal' Testing 
Service, Box, 592, Princeton, Ntw Jersey,) ^^^^^e 'same time we 
havp riotf^felt bound to^ observe the^Comijls'slonlf point of vlew^ 
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In atl respects 



X 



ilie question of t^e time required to^ teach^ the ^rlous 




auss^^li2>n.and Has ^fsult^ed in rf legating dptiopal^ sep'tions or ^ 
* 'the appandicea sope material not prerequisite whfa^ follows, ^ 



At trie same tf^e K.e feel that N:hls material Is within thevgrasp 
of able stud^ts and t^t It 

e opljlogal^ topitfs pravld^e a means 

f Qi* which such 



bi^o^en their mathematical' 



backgrounds appreciably, ; 
* ^for^maKlng differentiated assignments In a class 



a probedure would iDe helpful. 

s ■ ^ 

. A suggested time scheduile^or this course is as follows 



i * Chapter 1 
Chapter 2 
, pMpter 3 

^ ^ Chapter 4 ^ 
Chapter ^ 5 



3 i weeks 

} \ ; 

3 wfeeks' 

3 weejcs 

; ■ . I - ■ 

4 weeks 



5 Weeks j 



19 weeks 



It Is Important to note that Chapter 5 f C i rcjSTB^T Fun c t i on s ^: 



assumes Imowledge of the usual course In analytlp trigonometry 

i ■ -. . 

^ased upon angles* We 'do not believe that Chapter 5 Is the 

' ' * ■* ' ^ - 

place t^ begin the study, ©f trigonometry Henie, teachers .using 
this textbook with sti;^ents who have not had such a backgrQund 
are advised to include In the 12^ year course a- unit' on analytic 
V* trlgonomgtry at some time before taking up Criaptfer ^ 5-'' This 
^ might be done ^e begi^mlrig of the yfar or It might be ,sand- 



wlched betJ^;een Chapters 4 a^d^ 5- 'In'any event it would mean 
that the entire course would i?equ4re more^ than half a year to 
complete'. » * 




: / At the, fend of each chapter a miscellaneous set of ,e^erqises 

^ ba^ed on the chaptar has^een lnclu%ed\ ?Slnce many, of the ' 
' excerclsea ar#: t lme^cQ ntfumlng and will challerige a student ' a 




best effot'tBi teftchers shauld be JudloJ^us In ^^alghing them,, * 
In geneFali the mlscellanaous exercises ame -not &6 much' a review: 



Of 'the chapter a& they are extensions of the Ideas of the chapter 
to new andj we ^op#, Intere^lng sltu^lons, ^ . . 



' . We have also . Included at the end of each chapter a set of 
sample test questions which are In generai^m^re typical of the 
exercises Included In the chapter than is true of the mrso^l- 



lanebus exercises, 



■I 
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"Chapter 1 



This chapter has beenwritten in considerable detail, , ^ 

• pur asBiimp^lon being that mosl of the students using this book 
Airing the first year of the SMSG experimental program will not 
ha^e encountered t^e Ideas ^and the language, of setb before^ With 
a good foundation In algebrar however. It Is anticipated that the 
chapter can be taken rapidly, ' The ideas are intuitively easyr so 

* that whatever dlf|leultleB are encountered will ;probably arise \ 
f roq^ the students unfamiliarity with the sjmibolism. One of the 
alms of this chapter (and of the book) is to develop a. student *s 
ability to use the ^language of mathematics and to feel reasonably 
comfortable when studying ideas represented eymbo^oallyp We 
hope to achieve this In^part by including numerous exercises 1- 

^ which Involve essentially nothing more than algebraic manipula- 
V tloris but which are expressed In-^he language of set^ 

For teaohers who wish to study* other sources of Information 
" dealing with ,the - material of this chapter^ we have Inolfided on 
page df this manual a. short list of useful referenees. 

; Sections 1-6^ 1-7, and 1-12 are starred to Indicate that 
they deal with optional topics. lliey are optional^ not bebause 
the Ideas are dlffioult^ but because they *are not essential to 



the subsequent development of elementary functions * Throughout 
the book, wherever an exercise depends upon ^ny of ,thls optional 



miaterlal, it' Is starred* . - ' ^ 

= ^ ^ . ' ^ 

Although these optional topics ara^not prerequisite to 



the rest of.^the CQurse, w# beiieve'ith^ this TOa^erlal wo\iia "^e 
^ helpful background Inf ormatidto f or studenta planning'' to ^ddnt^^^ 

■. \- . ' ^ / .-.^^ - ^■ ^ . ; --"^ ^= ' ■ 

mitte^lai pontalhti. J^nterestflng- m , introducing/ some' of 

, the Ideas of an. algebra^ of setis ^nd considerably^ extending the * 

range of problems available for texerclses. It sh^^uld observed 

V ^ :% ^ - ■ ^ - ' ' . . , ^ . ■ . ■ , 

'also, that students who subsequently take a c&urstf In probability 
and statistical Inference, one, of ^the posglbll^les ^suggested by 
the .Commission for the, second semester qf the 12th graded will 
.need all of the optld^jial material on sets Included; In this chap- 
iter. For these reasons, thep, we urge teacheri to Include this 
material ^^particularly S^tlons 1-6 and 1-7) A par^^f the 
course, if time permits ^ eltRer while studying Ohapter 1 br after 
the-regular course has been completed. ' ^ ■ ' 

^ The Exercises In this ■chapter exhibit the wide mnge of 
applications of the various concepts discussed in the text and ' 
yet do not exhaust them. jWore than enougfi problem material is \ 
prov.lded to meet the needs of the students. For some of the 
exercises there will be more than one correct answer or form of 

■ ■ . \ . ' m " - 

the answer and we shall try to Indicate this 'In the solutions for 

' . - '* 

the exercises given in this wnual, ^ \ " 

In many of the , problems, as lii- the text, we speak ^f thte ^ 
set, of digits, th^ set of hat,ural_numbers, of . Integers, ^of % - 
rational, arid of real numbers. . 57^*^6 set of dlglt^ v/e mean 



I 



only th^ set [0, 1, 2, 3, 4, 5^, 6, 7, 8, 9). The- set of natural 
numbers is the Inf Inltef set [ l^i^^v . ) . The set of Integerl. 



contains the natural numbers, zero, and the negatlves^ of \the . ^ 



natura'l mimbers. The rational niin0%rs are an extension of the , 
Integers^^o^ include numbers at the form p/q> p an Integer and uq 
a positive integer. The real numbers include the rational and 
^ irratlonkl numbers. ' ' ^ , ' 

1-lr Meaning of Set ^ . ^ ^ 

The word,.."set" Is used as a universal, col-lecti^e noun, 

descriptive bf coilectlons of things* We. use it be.caus^e the word 

Is short and easy to say, and 'because its meaning is independent 
. ■*- = _ ' ' 

^ of the context in which it is used, ^ Thus, in one instance we 

may be talking about a set of people', in anoth^ situation about 

a set of joints, pr a set of numbers. Our attention is focussed 

upon set as an entity in itself rather than upon the particular 

elements^t Gontaineti in the set. On the other hand, the collective 

■^loun "herd" would-tiot serve the purpose of a universal synonym 

bacauserlt is^not universal* It implies a collection of cattle, 

or possibly elephants, but it would hardly be a proper use of 

the v/ord tg talk about a herd of numbers or a herd of points. . 

V/e do not pretend to define the term set , but use it in the 

^very . natural, commonplace way that one does v/hen talking about 

i 

the set of books in his library. We are careful, hov;ever, to 
define any pb^lcular set in the sense that we specify exactly 
'which elements belong to it. 

The ' notion. of a^ collection of objects is so intuitively' 
obvlous^ that one may v/ell raise the question as to why it has 
become s5 important In the study of mathematics today. Over- ^ 
simpiifled, the ansv/er is based on the fact that the concept of 



a -sfe t has^rf a>^^ifyln^ and has becorae one,q#:v^he basic 

.concepts In tgrms <of which , Qther .'mathematical - ideas are explained. 
The moHern theory of sets^ from which the algebra of sets j^/polnfi- 
sat to^logy, and a host of other mathematlca''l "sub Jects have^ 
dev;eloped, was created by Georg Cantor at the end of the nine- 
teenth c'entury. This theory was nee'ded in order to gSye a sound 

foundation^ for the' notion of infinity. ^" , , , the^conces^of the 

■1 ' '' 

infinite pervades all- of mathematics^ since mathematical objects 

arm usually studied, not as Individuals^ but as members of 

classes or aggregates contalnlng^^ infinitely many objects of the 

* - It 

same, type^ such as the totality of integers ^ or of real numbers^ 
or of triangles in a plane. Pq'r this reason it Is necessary to 
analyze the mathematical infinite in a precise way**.. Cantor's 
theory of ' sets has met this challenge with striking success. It 
has penetrated and strongly Influenced many fields of mathematics, 
and has become of basic Importance in the study of the logical, 
and philosophical foundations of mathematics. The. point of 
departure is* the general concept of a set or aggregate . By this» 
[Is meant ajiy collection of objects defined by some rule which # 
specifies exactly v/hich objects belong to the given collection. 
Our point of departure in this text is the general concept 
of a set, but we have no intention of teaching set theory, V/e 
study sets for tv/o reasons i (1) because we v/ant our students 
to bLecome familiar, with a language Wd a mode of thinking which 



(Courant and Robblns. V/hat is Mat hematic s?, Oxford University 
Pr^ess, New^' York, 194 



they will encdunter repeatedly In the further study of -^the- 



matlcs and (fi) because tht use of 'set^^^'th inking enables us t® deal 
with conventional school mathematies in ways v;hrfift, we believe ' 



■are more useful^.and n9 more difficult to understand.Jthan the. ' ' 
traditional treatments. For example^ the definition of a * ^ 
function given in this chapter is in current use j is unajrtblguous^ 
and is not difficult to comprehend if pne understands the 
language of se^s. ^ , - 

1-8/ Describing a Set 

' Any'given set-is defined^ or described, by s^eclTylng ' | 
^exactly v/hich elements belong to- it. This is done eitheh:^ - 
explicitly by listing all th% ^elements of the, set or ^Immlcitly 
by stating some, rule or condition .which selects^ unambiguously 'the 
elements of the set. V/hen dealing with small finite sets, the ^ 
listing QrJ;tabulat:^ng of all the elements of .a set is a coifven^ 
lent and immediately ^pparen|f way of describing the set, More 
commonly, however, we shall -be deal^^^ with Infinite sets, e.g,, - 



the set of a^l r*ea^l' nurtfeers, and In such cases v/e must use a 
rule to "describe the set: A.irnAll fqr^ defining a set can be almost 
any statement^ however welrd,^ provided it meets the one important 
condition that it must be po^ssible to decide for any object 
v/hether or not it tetlsfies the rule. 

Warning! It Is possible 'to describe sets* for v/hlch this 
decision is dlf^-fcui^ to make. For example, it is easy to talk 
about the set of. al4 people. In Illinois at this moment, but can 
you docide v/hother or not "Kit. Thomas Jamen is a member' of this 



r 



set'if\all you. Imow Is that he- is driving across the Unlbed . States 
via rdute thromgh .Illinois? "A much more subtle and, in fact,, _ 
^contradictory example deals v/ith Harry, tKe barber in our tovfaji 

who shaves all those, and' only those, in to\m v/ho 'dolnot shaye 

' \ ' I • ^- ^ ' •■ - ' ^ ' 

themselve,s . ' Thef-questlon Is this* is Harry a member of t'hefSet ' 

\ . 7 ' " . ' ^ ■ ^ - 

'Of the people he shaves? (See R/ D. Luce, Stu'^ies in Mathemaltlcs, 

■ ' . ) \ 

Volume I, "Some Mslc Mathematical Conpepts," School Mathematics 



Study Group, 1959, pages l8»19i also Courar^^and Robblns^ V/hat\ is 
Mathem^atlcs? , page 870/ ' ' ^ . 

1^3 . Notation ^ 

The braceg^' ( K used to enclose the elements of a set call 
attention to ^he fad.t. that we are to think of the collection as 
a single entity. The set^bullder notation (x : x , , , , , ) is a ^ 
useful v/ay to represent a set v;hich is characterized by some rule 
or property, nothing more. In some treatments of^the subject^ 
vertical bar is used in place of the colon in the set-^'builder " 
notation. We ^pref er the'^'^Golon for typographical reasons. 

The liating of the elements, or the rule for selecting elem- 
ents of a set^ may lead^ to other observa\tions about the set 
and/or 'Itb^^^ements . But these conclusions, even If valid, ar^ 
not necessarily equivalent , to the listing or the ru^e. For 
example : , • " . . 

(1); Given the set S m [1, 3,' 5, 7, 9, H), one observes 
that all the dlements of S are odd numbers. If this Is "so,., 
is 13 € S? Of course not, sincp 13 is not displayed as an 
.element' of ' * . ' ' » , ' ' . ' 



= ■ (2) The set-' T ^^i:^,^^£^:^^i, i^: 7^, ./.lis the same 
V as the ^ set £1,^' 16, 91, 256, 525, lagS/ 2401^ ) j 'since- v^l ting 
an element In 'twq; diff erent%jays ^doe'^s not alter the ^element . , , 
Now this infinite* set In Its s^oh* form ' exhibits a| pattern for 
. the unites 'digit the elements It Is either 1. 6," 6', or 0. 
Soyone mrghf conclude that all Integers ending In 1, 5, 6, or 0 

, y : ' . ' \ . ' " ^ — ■ 

are elements of the set-^^ T, This, of course,^ Is false^ 

^^m^ if 

^ : ' ^ ' Exercises l-3\ 

In all of the following answers, letters, symbols, and 
names people or objects as v/ell as their Sequence ^may be 
' different without making the ansv/ers Incorrect, It is not / ^ 
■ necessary alwajie to name a set by means pf a capital letter. 



Ansv/ers to Exercises 1-3. ^ 

1, a) V = {a,e,l^, o^, u} or V = [= : = is a vowel J 

; b) P = [2,^5,7,11,13,17,19) or 

[p:p Is a prime number less than 20) 
For technical reasons, 1 is not considered as a prime 
number. For' ex^ro^ its Inclusion v/ould raise a dlffl- 
culty in the unique factorization theorem. 

c) »R ^ ((names of people living In your house)] - or 

- (a:a is a person v/ho lives In my house] 

d) ' T s [3,9,15,21] or (n:n is an odd multiple of 3 and 
. -n < 21] 



'7 

er|c - ^ 



f) N = Ca?, 26, 35,^4, 53,^2,71,80} ■ , of. 

■ ^ ■ • - " ' - ■ « - 

' ■, (xix is a two-digit Integer, tJie- sum ■ of whose ^ '""^ 
digits i's.81 ' ''■ • .V 

Note: 08 Is not cbpsldered a two digit number In our 
> system*;' " , ' . . ' - . ' ^ 

aO ^^3 ^ .(sfs is ,9.1 student in our school} . / ' 
b) M ^ ^ f }/ ' ^ \ . \ [ 

-c) P (p:p/ Is a person In ""our community who -found a ten- 

dollar bill yesterday} . V \ 

d) B^'^ib' is a book In our school library) 
6'). P - Cf-f' is a' rational number between 2 and 3} " 
Here are three, types ofr sets which are not tabnla'ted. 
^a) and d) represjent extenslVe and lengthy lists which are 
available sdr^pwhere as bompletely tabulated sets bu4 usually 
not dupllGated, . ^ ^ v ■ . ' ' \^ 

b) and e)' represent ^examples of ^s&ts "which contain an end= 
Iq'gg number of . ejemenis and thus defy- listing, r ^ , 

c) represents % cohattlon 'frequently' found in mathematics 
v;here even^ though fthe description is clear and well-defined 
-44^Btll,l^^_2^4uires a great, deal -of v;ork or ^ ingenuity 'to find 

the elements. . , ^ 

a) A - (a:a,is a .positive even ^integer I'ess than 12} 

{ or ' * ' * even natural number less than or equal to Ip} ^ 

^ ^ B = Cb:b, is an integer v;hose ^square is less than 10} 

or . ^ . ^ and - 3^b^+3} - , ^ 

c) *C ^ (c:c is a square of 1,2,3,4 or 5) r. . 

or the square of an integer and 0 < c < 26} 

2 

or (cric is an integer and 1 < ^ 5} 



D (did ^ ^ +; 3n> n is; /Integer, and 0 £ n £ 5} w ' 
'^^^^^^ or.";*" d is 'E number of the •form'. ;3n -^1, artd, n^ a., 2, 3, 

J 4j,5 Qr 6) or *'*/*.d Is »a term- in an arithmetic sequenGe 

• . , ' ■ • ^ - ■ ^ . . • 

' ' . ... whose first term Is 2, whose common difference is^S, and 

(whose last term is 17) "'^ . • 

^e) E - [ere fit. a Refmutati|^ . of the digits 1,2, and 3). 



•or Cabcf-mbd^lS'^ ptrjT^m of rp3} 



or (e^e is a*, iJhree- digit ^lnteger formed from the dlglt^ 
1, 2^ \nd 3 without j|%^et£bfOTi ' — ^ 



Sjabseta 



t\ is important not to read into the definition of 



"toclusion" more than Is there. The definition states that, the ^ 
'Set A is included in (is a subset of) the set B* if , every element 
of A is an element of 3. In symbols, ACB,^ Notibe that the ^ 
definltliJn imposes no restrictions on thp elements, of B except 
that they must Include all the elements of Aj (in this connection 
It should^be mentloned/thafr the fymbpl B ^ A ' is ^som^tlmes use 




when we v/lsh to say that the se^ B Includes the set A* The .sfet 
B ma'y. then tee called •a supers^^ of A. VJe hkve not used ^this 
.notation In t^^e text,) 

, prom the ^^fl^iltio^ It fpllov/a that a set Is a subset of 
Itself * If we write A GA, v/e mean that every element o^ set A 
is ^an felement of set A, obviously a true statement* Likewise, 
to show that the empty set Is a subset of every^ set, we note 
that 0C A could be false only if the empty set 0 contained an 
element not in A. Since the empty set= contains no elements at 



LC 



^ ' - I ^ ' € ^ / f U ^ • ^' ^ ■= ■ . ^ 

-3 ail, .thto 'Is :^ impossible no matte? wh^. th# set A be. 
,. . A fw words as to ^hy .the emp^ set .is a .UB^eful. concept may 

^ helpful ^ ^ We^^^o^^ 0 la rf^lated^^^th© njkmber'iftero in 

the same^^Viay^ thkt thtf ^s^et *[5,^ *ds i4latea- to. two o^ JT) 1^ 
rel^tea^-^^ one , The number of elto^ents th^^ empty set^ Imi^eito 
But why Is ^Buch seemingly vacuous notion useful? ^It Is p^lmply 
because we do not .wish to have to tr6at as a speoial ' cfese* those 
^ sets defined In sych a way that th^y "^ontaln ^no.el^ents. For 
- example^ v/hen studying "quadratic functions we may wish to conf Int 
^ our attention to the set -of rational ^"yoots^ of a giv^ equation* 
ThusV the set'* of rational roots of ^the equation 3x^ + 4x - 4 ^^^sD 

' Is the set [-2^ 2/3)^ *But^the 'set of , .rational roots of the ] 

/ 2 - ^ " " J - ■ ' ' * : f 

' v^quation 3x. + 4x -'3 - 0 contains no elements^ since the roots 

^ of the given equation are irrational (-2 t ^/TS) . Hence, U:he set 



f 'of rational roots In, this case is the emp'fy^ set 

Bx definition the statement A C B does mot exelude the %■ 
^possibility that B C A. If both relations hold, then the sets 
A and B are equa^ (\they both .contain exactly t^he^-fame elements) 
and 'we write A = B. The equality of two sets may rlqt_.be obvious ^ 
at flrst^ glance . For instance, the set of digits in the number 
which Is^ the ^um of 8 and 5 Is equal to the set of roots of- the 
equation x - ^x + 3 = 0* . (The set^ln each ^case is {1, 3) *) 

Thm term proper subset is used v;hen,we v/ish to exclude the 
subset of a given ^ set v/hiph is equal to the given set. 'For 
' example,- the proper subsets of the set (2, 3] are,- j2}^ (3) and 
0, Although we have not included the notion of equivalent sets 
Ln the text,, brief mention of the concept here may be helpful. 




■.Tv;o "4e.ts are- equ^^a lent *lf the •elemeVi'ts of '^dhe. set can be piut Into 



pne- to-one c^p r r'e's^ n dg n g e wibh.the il*ementa of the oJth§.r s#t/ 



Another wa^^f sa^^PlP^ 6ach jlement'of one set 

t;e? dan pair s.n ..elemfent .of , the. other «set^4b si^ft^-a ^v/ay that %o' . ' . 
elefii^ht of either set^ Is Itf t' ovfr^ at the (en^ 6f the process%)'. ^^^-^^H^ 



^Whe^ dealing *^v/lth flnl*te^ b^^\ 



i, 'this cof^^pt leads tp the facf* 




that the elements of a given set cannot be put into one-to-on# . 
correspondence', v/lth the elementB of ^^any ,Qf Its proper sifDsets. 
In' other^-^/zords ^ , a flnifee set Is not equivalent to any of its 
proper subsets, " ^ ^ 

When 'dealing with' infinite sets, however. It is 'possible for 
a set to \m equivalent tt5 a ^prOper subset '^f Itself* For ^ example, 
^the Inf in^pB se^ of positive eu^n Integers? Is ,^a proper subset^f 
the knflKilte set of all posi^ve Integer^, and ^the two s«ts are 

c ■ ' ^ ' ^ * ' ^ 

equivalent., V/e can show the ^orie^to-one correspondence -betwean 
.the 1 elements of the tv/o [sets like this* \ 



r 



lj 6, 8,' ... ;^n, 

1 p ^ h 



(For further dlscu_ssion of th^T^ idea, see Courant and Robblns, 

.." What is Mathematlos?/ pages 78-790 

Although it might be convenient, v;e do' nqt have special 

symbols for disjoint sets nor for sets which "overlap." (Sets 

A and B overlap if some but not all the elements ^ of A are 

elements of B and vice versa^- ) ^ 

With reeard to ^'the notation a e A used to indicate that 
■ . . ^ -if,. 

a is .an element of tl^e set A, students sometimes tend to confuse 
■ .<£ v/lth the inclusion., symbol C .. The latter^ is unecJ #niy 
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betv/een sets, iw^ereas * € is used/for elements/^^Dntalrted In set 



t 




It "be helpful to point out /that the Greek letten '€ (epsllon) 



Is a symbol Tor our Ttl 



and, e Is the^ir^t letter of th& 



J 



/v/prd "element,!' ^ - ' 

■ -. * . ' • 

AnQtj^er. point of confli|lon' sometimes arises between the 
symbols' ^D^ and (D)* The capital Metter by itself is simply a 



n^e Jor a ■ given se.t, whereas [D] stands- f^ a set whose only 
elemeht*is tlie set D* Also, x and [x] may be confuted.- From 
page 38 of the 23rd Yearbook* -we. quote, "Even if A has brtly a" 
^ single member, ^say x,ylt is not at all true that A Is' 3c. ... 
•^jv/e ean wriite A = (xj, but this ^is quite -€Ufferent from A = x. 
P0r instance, the Federation of Women* s •Clubs' is a set whose 



members are clubs, not women, ^ ^ the Sageb^fth Womerl|^^ociety 



for Wotat— Singing hae Just ,two jnembers, ,it can be ^ member of 



th.e 'Pederast ion , If one of the two women leaves, and only 
* "\ Smith is left in the Society, the Society can still belong to 

the Federation Mrs. Smith' cannot . If Mrs. Smith, discouraged, 
' ; permits' the Society to die, although the Society is the same as 
' ^[ the set {Mrs* Smith} it may still be true that Mr?, Smiths retaini 

perfect health and ^^^or. " 
_ , The ideas discussed in the preceding two paragraphs can bfe 

reinforced by consideration of questions like thisi 



4 



the following statements true or false? 



a;t^ (2) c (1, 2, 3}, 



■I 

b) 



C (1, 2, 3), 



T;'/enty'- Third Yearbook, "InslghtE 



Into Modern Mathematics," 



National Council of Teachers of Mathematics, Washington, D. 
1957, page. 38. 
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i ^.^^ ^K&nswers fv"/(a) . : (c) and ff) afe true] . ^ 

- m^^^ (d), andMs) are false.) 
^ The coneept^ot^a universal set enables us to restrict our- 
- selves 2n advance to the elements we wish to taik ;about In any 
particular discussion/ For example 7"^- a f Irs tf" year algebra 

- ■ -\ ■ , ^ 

course we are likely to say that x - 2 cannot be w^tten as the 

pr^uqt^ of two^ blflomdal f aptor^ This Is true only If It Us 

jindarstood that we are r^trlctlng the numerical terms In the 

factors to' tha universe of rational numbers* In the universe of 

real numbers x -,- 2 - (x + \/?) (^c - \/S) , As another example^ ^ 

* 

we may say in the same course that the sum of two squares cannot 

be factored.. -This Is true in the universe of real numbers^ but 



it Is false if we agree to admit the complex numbers- Thus^ In 
he univ' 
a - bl) 



'22 

the universe of complex numbers a + b factors Into (a + bi) 



A Exercises 1-5* 

— ____ ^ 

The note under prob^^em # Is intended for students who have 
studied combinations , Prpblem 5 will give the teacher an oppor- 
tunity to review the various exten^^ons^^f the number system, if 
needed. Problem 6 should be assigned with Problems 7 .and 9, 
since the latter are more^ easily understood in terms of the 
specific examples in Problem 6. 



. . ■ ..V. , . . . 

. « . ' ■-. ' ■ . ■ ■ c ■■ ■■ 

Answers to Exercises 1-5. - ■ * - ' ^* 

r — ^ i. ■ - . ' ■ 

I, a) M ^ ((Insert g names of students Ih your mg^ematlcs 
^class^); } \^ ' - ^ t , 

*l ^ e-g.;, M^^ (Joe; Bill, Henry, Mary, Jean) 

U Is the set of all students in your mathematics class, 
or U = Cp-p Is a memfeer of yoW. mathematics class] 



b) T - ((Insert names of 3 teachers In your school)} 
U Is the se^ of all teacherS in your school, dlatrlpt, 

\^city,^^^^op^ state * ^ 

c) 0^- (1.3,5,7^9}^ : U n (1,2^,4,5,6,7,8,91 or U is ' 
the set of Integers^ (or rational niimbers, or real ^ 
numbers), ^^^^ ^ . - ^ 

d) F = (^, U ^ Cf'a anfeb> are digits and b 0} 



V 



or U is the set of rational numbers, 



e) P « (2i3, 5,7, 11, 13, 17, 19). 

U .is the set of / l) natural numbers or 2) integers, 

a) As an. example: [Qb, Iffl, ^D) or (King of diamonds. 

Jack o^^ heartf^ - Queen of hearts} or any of the 18 others 
If aces are considered faces-r^ards there will be 56 sets. 

b) A = (AS, /H, AD, AC) or (Ace of 'spades, ace^f hearts, 
ace of diamonds, ace of clubs] 

c) H =v(AH, 2H, 3H, 4H, 5H, 6H, 7H, 8H, 9H, lOH, JH, QH, 

d) L = (AH, AD, 2D, 2H, 3D,, 3H) 

a) (2,4) , (4), (2), 0 Pour subsets. 

b) (2,3,4)7(^3), (2,4), (3,4), Cfi), (3), (4),.^ Eight 
subsets , 1^ 



:)'■ 



f ■ ) 
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Answers to Eyerclses ,1-5 KQont''d), ' . 

. b) (11, [2), (3L^(4K • 

'[1,21, [1,3], *ll,J+J, (2,3}, t2,4), ■.(3,4} 
(l,2,3}^'(2,,3,41, (1,3;4}, (1,2,4} • 



c) 
d) 
e) 

S) 



a), 
b) 

c).: 

e)' 



[132,3,4} _ ,, _ , 

16 (- 2^)' ■., . , 

If a 'given set^ con tains ; n elements ^ there are 2^ 
possible subsets (including the empty set and the given 
set) . " ■ . 

N - U,^,. 3, -^v^, , ^} 



Q •= (2,- 3,-^} 



P ='(2,7r. 



3 



S - {% ^'y^, i4^} 



T = ( s/^. 



5 , v't^^ 



6. No: a,e, and f. Yes: b,c,d,g, and' h 

7. , All are yes. See exercise 6 for illustrations. The c £ C 
and c.^ A and c ^ B -is *9. The c e C and c e A but c ^ B 
Is either 1 or 7, , ■ 

8. A c c. ' 

9-, Yes for a,b, and d. No for c. (if shaded area Is empty) 
This Venn diagram may make it clear. 
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1-6 and 1-7 . Venn Diagrams and Operations Wi th Sets 

f. ' * ' - — - ^ — ^ ■ - - -^^ -. 

= ^ As explained' m the. Introduction/ thes,e sed-tlons are 6ptldnal 
Since ^tliey cohtaln material not needed In 'the rest of the 'course. 
Howevel^, Jl^y cont^n Interesting ideas which are i^^ematically 
and are not diffloult to -tjnderstand\. Even If Section 1-^7 Is • . 

^omitted, the inclusion* of Section 1^6^ , Venn Diagrams ^ would give 
students a visual way of looking at subsets. For example," to show 
that C3,, 4, 5) 4.s,a aub|^ of (1, 2, 3, h, .^ 6, 7], you can use 
a Venn dlag-ram as In Plgur^'TC^ l-6a. 




■ L 



^ Figure TC, l-Sa ^ = 

The universal set'U may be any set you wlsh^ so long as It 
Includeo the tv/o given sets* In some cases you can Just as well 
Ignore the universal set In th^dlagram or let the larger of the 
two given sets be ^the universe, as In Figure TO, 1-6^, 








\ 










2 


or 












6 


. 7 



In using Venn diagrams It is worth noting that exact circiilar gr 
( rectanpalar shapes are not hacessary, any fcl,osed shape being 
satisfaQtory • 

. When oper9.tlng with sets, Venn dlagrani^^^^e of ten useful in 
pointing the way to solutions^ liut should not be regarded as 
proofs of relationships between sets. 

The symbol ^f or imion is often called cup j for intersection, 
cap, .When thinklrtg about these operations, it helps to keep 
remin.dirig oneself that the union or the Inter.sectiori of two or 
more sets is itself a set./ T^ls Is especially true when we are 
dealing with an express&n like A U (B PI C) , as in Problem 6 of 
the Exercises 1^7 , Here we ara looking fot^. the set x^hose 
. elements are either in A or in both B and C. 



^ ' Exercises 1-7* 

Thepe are optional problems coveringj the material in 
Sections 1-6 and 1-7. Specific comments a^e included. with the 
answers to some of the*problerhs* ^ease note , that Problem 6 
is intended for those students who are interested in . considering 
some of the ideas in^^the^ algebra of sets. ; It is a fairly ^ § 
' difficult problem if formal proofs are required/ 

Ansv/ers to>:^ercises 1-7* - ' ^ 

■ — — V ^^^r^ — . \ ^ ^ 

1. a) B« - {1,2,8,9) - e) A U M' -' d, 2,:3] ' - 

b) Au^= (i,a,3,6,7,8,9) f ) c n ^ - 0 / ' r 
d) Bnc^c'e,?} \ ^ 'g) (b n'#) « [1, 2,3, 4,5,6. 

- ■ ^ 7,8,9] 
d) (B U»D) V - [1,23^ ^ u n D ^ (6,7,8,9} 
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i), (lJtiBM - (1,2,6,9) 



"jr ivn0)t ^ {1,2,3,4,5,6. 
■ . 7,8,9} 



2. 



c) 

3. 



A U- i!^ « A 
AD A ^ A 
A U U = U 

,A n U « A 

A U A* - U 



a) A u B 



U 



A 




A 


m 


^ 1 




WA 


i 


\ 



k) . An c >j2f 

1) (UU A) « m 0 

f ) A n A» m 0 

g) A U # » A ' 

h) An f'i 0 
1) 0^ n ^> ^ 

J) 0tU0 = u 



U 



A 













c) B n u 




d) A« n -c 
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Answerg to Exercises 1-7 (cont'd) ' 

t ' =«(x:x .Is any integer except 0,1,4,5,6,9), 
(S' Is an Infinite set.) ' ' ■ 



a) 
b) 



If. A« C B or B«'c A ;■ 
Cttily If A. = 0 and B = ,0 
p) Only if B c'a (which 
holds for B = ^) 
Only if ACB, ' ' ■ 

e) Only if A - B 



f ) Always ■ ' 

■ %) Only If U - A ' 
1 - ' ■ * 

h) Only if A - ^ . 

* i) Aiways 
J ) Only if U ^ A . 
In 5a, if all elements aot In one set are in the second ^.set, 
their union, then, must contain all elements in. universe. 
This Is obviously true If either set alone is the universe. 
u Arthough this© theorems may be examined by Venn dlagramSj - 
^^heir proof depends on a minute Examination of the meanings 
of each 'Of the symbols , -j U and n , Essentially^ ^11 
that most students v;lll be able to do Is argue the vmlldlty 
of each equation* ' ' ■ 



1-8, Open Sentencee 



The idea that the f am\liaiyequatlons and not so familiar 
inequalities of elementary algebra can be regarded as open 
sentences saema to us to be^ one of the most helpfuj concepts to 
have evolved Jrorp recent attempts to improve the secondary school 
- mathematics^ curriculum. The difference between the statement^ 
"Mr* Jones is my algebra ^acherj " and the op^n sentence j ''He 
'is my algebra -.teacher, " is readily understood and leads^ naturally 
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^to consideration of the difference between a statement like, 
;"2.+ 5 > 10," and. an open^ Bintence sUch as, "X + 5 > lOJ- TJ^ ' 
symbol "x" Is callefivia^varialbiie and simply repine sent s any unspec- 

' If led element of . some glvbh set,, usually a set of numbers. Th% 
given set Is the universe, ^ and by substituting one element of the 
universe at a time for. ^x, students can^ discover v/hich values of 
X yield true statement^ for a given open sentence. 

Of course we do not lnte]Eid to imply that you should confine 
the problem of solving Inequalities to the method of direct sub^ 
stitution,^ but W6 believe that this is a useful technique for v 
devf loping the notlop of a variable, Purthermore,. it is likely ^ 
that your students have not previously studied formal methods for 
solving inequalities, so that as you develop these' methods the 

. use of direct substitution as a check will be helpful in building 
confidence in^ the techniques. " " 

' In the current literature (for example, s#e tke Report of 
the Commission on Mathematics referred to earlier) the idea that 
a variable is a ^'placeholder'* ^s used frequently. For instance, 
in the open sentence "X - 4 = 7," the variable "x" is thought of . 
as holding a' place for a numeral which is the name for a number. 
Although this way of looking at a variable may be helpful at the ^ 
start ^ the SMSG^ courses do ^^t use it. For one thing, a proper 
development of this point^ of viev; requires a rather careful 
study of the distinction betv;een an object and its name. In 
particular betv/een a number and Its name (called a numeral). 
Teachers should understand this distinction and may v;ish to^ 
refer to It briefly in class discussion, but it is our feeling' 

30 ' . 



that undue "stress on this point Is not. iiet<aed for understanding. 

the role of a variable. If the pocaslonal aiscuesldn arises In 
♦^whlch the difference between a nimber and Its name is relevant, 
, the matter can al^«ye be settled on the spot* . * 
In sxaimnary^ we^^^elieve that the Ideas to s'^ress are the 
following' (1) equations and inequalities ar^ open sentences 
containing one or mo^e variables (open sentences in two v^lables 
are studied later in this chapter), neither true nor false as 
they standi (2)^ a variable Is a ijnubol used to represent any _ . 
unspecified element of a given setj and (3) the given s^t is 
the universe, fourth important idea Is discussed in the 

foll6wing section* 

l-9._ Solution Sets of Open Sentences. 

^^pie solution set of an open sentence is that subset .of the 
.universal set which contains all elements for which the open 
sentence becomes p. true statement. In other words, ariVppen 
sentience selects a subset of th^ universe, namely the polutlon 

.set> and for this reason ^open sentences are sometimes called 
"set selectors," ^ 

A large par^ of this section is devoted to illustrative 
examples, since this is our first opportunity to show how the . 
language of sets can be adapted to ideas of elementary algebra. 
Free use Is made of the number line for, graphing ti^ solution 

' sets of open sentences Iri one variablej and we have^adopted 
certain symbolSi explained in the text, for indicating when a 
particular point representing a number is or is not an element 
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of the solution set. ' * v ' 

Ccaicei^lnglithe graph , in f igure 1- 9a of Vthe text, It^wouid \. 
proMbly have been /better to use a dashed line rather than the ' 
solid llfte^ since In this exwaple th6 universe is a small finite 
iet of Integers* A solid line tends to Imply that %ny point on 
It represents a number In the ^^Iversal setj In other words, that 
the- universe is the set of real numbers^ ^Is Ms not^ the case'^ 

In this .exOTipie, and we would favor modifying the graph as shown 

' ■ ■ f ' y^ 

in .the followlJis Figure TO, l-9ar . - / , . ' ; : _ 

1 2 3 h;, ^ 4 "^^5 . 

Figure TC, ;l-.9a. ' Orafih ^W ; -^^„> *3 when 

- • V , • _ - ' ^ , , - . a ;^- : y- --. : ■ : - ■ : 

Although the primary alm^of this section Is to Illustrate 
how the language of sets may bemused with .algebraic material, a 
secondary purpose Is to provide a review of certain algebraic 
techniques and an extension of the ideas to InCTHPfc the Solution' 
of IriequalltieSj the notion of absolute value, and so forth *v If 
In this course th^ solution of Inequalities is being studied for 
the first time, it will ^ be necSssary to extend the set of axioms 
used in solving equations to include operations on inequalities. 
This was probably "done to some extent whe^ your students studied 
geometry, but it is unlikely that negative numbers were included. 
^Por example, what conclusion Is Implied by the operation of 
multiplying each member of x < 3 by - 2? Tarn answer is that . 
^ 2x > ^ 6. , . ' . ^ ' ; : 

For your *GOnvenl^ce v/e state here the general rules use€' 
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^ ■ in^;s^lvlng' Inequalities : (1) The solution set of an algebraic 

■ J'^A* •• " . ' ■ -y^-^^ ' ' . ^ ' . - " ^ ■ 

, iftf quality Is not altered by adding the same term to or sub- ^ 

tractlng the .same' term from both members, or by multiplying or \ 
, div^idlng both members by the same positive termj (3) If both ' - 

members of "an inequality are multlplle divide/ by the same ' 

negative terrrii the sense (dlrectionjf of the .l^eqmllty Is . 

reversed.- For example, ^ '2 < 3, but. if -we mulftiply both inembers 
"W^^^h^ inequality by -^4, we obtaln^S > - 12, A much more 
. siu title example, harder ^t^ any that appear In the text, 1^ the„.. 

followlngi In the universe of real numbers find • 

\ We wish to clear^ tJie inequality of fractions so we multiply both 
members by x - 2^ But is the term x - 2 positive or negative? 
By inspection of the given inequality we see that. the fraction 
3/(x - 2) myst be negative and henob x - 2 must be negative. 
Therefore, multiplying botlj members by this term, we obtain 

Urn '■ ' m 

' ■ ■ * " " . ■■ ■■ 

3 > - 4x + 8. (Note the reversal of the Inequality*. 
' ' , ■ sign.) , ^ ^ ^ ^ . / 

Subtracting 8 (or adding r 8) gives 

»» ' ^ . •, 

and dividing by - k, vie have ' ' ■ 



■5 



(Why vms the inequality sign reversed again?)' 
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Making use oi\ the fact ■that if a < by then b > a,' we can wrlt.e 

'I 

the last rpBUX^. as 



But there Is a stteond condition that must be eatlsfled,- We - 
stated above that-xhe term x - 2 ^must be negative. This le the 
Siame as '^writing , . 

^ ^ . - .■ ^ ■ . ^ ■ ^ ' 

and from this It Is clear that x ^'2. Hencej the solution set 
for this example 'is defined by A open senteriGe which Imposes 
both a lower and an upper ^1 1ml t on the ya;lues of x* We write as 
the fltial^lCnBwer ^ ^ 

^ ^ (x r X 6 R and 5/^ < x < 2) , ■ ^ 

. ^ (*Note that R Is a symbol for the set of real num'bers*) 
As an exercise for teachers we suggest the following 
pro^blem: what is the * solution set defined by the Inequality = 
3/(x - 2)^ > - 4 in the universe of real numbers? 

(Answers {x t x € R . and x < 5/4 or x > 2)4) 
The concept of absolute value "is Introduced in this section 
(see Example 6) and It -Is used In succeadlrig^hapters of the 
book. In addition to thd Immediate commente, further discussion 
of absolute vaiye will b0 found in this manuai under Sectldns - 
2-2 and 3 of Chapter 2, 

= ' If x is a real number, the absolute value of x, symbolized = 
by I X I is defined by , ' , \ % 
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X, if X 2 0, 

_-. X If X < 0. 



Thus, If if, I x4: * 4j f If^ * 0, I X I « Oj if x - - 4, 

I X j^ - - ( - - 4. In ' Other words the abBolute value of any 
.'numbeijjpor aigfbraj.c express ion is alwayB either zero or a posl- 
tive quantity. . ■ - 

The ideas Involved in the .solution of open sentences con- 
taining absolute values may no^ oome easily, and It would be 
advisable to begin by 'discussing the simplest examples, such as 
\ X I ^ 5, I X I. < 5/ I X 1 > 5, r X i < - 5, ahd so forth. The 
solution sejfc In the last example 1^ the empty set, since | x, | 
is neiler less than zero. - ■ 

: We shall consider the example | x h< 5 In detail, ly 
\ ' s . ■ ■ _ ' 

definition, this means that if x is zero or positive, then x < 5^, 

and.llVyt is negative then - x < 5, from^ which It follows that 

5c >; - 5. Hence, the solution set of the open sentence | x | < 5 

. (x r X € R and - 5 < x < 5), , - 

which Is the concise way of saying that x must .be greater than 
- 5 and less than 5, or that x may be ^^ny^r^l number between, 
but not including - 5 or 5, ^ . ' 

-The outcome of a discussion with. examples like the above 
might well be a set of^ generalizations 'such as : ^ 
*lf "I X I ^ a, the^ X ^ a or X = - aj 
if I X |:< a, then - a < x < a; " 
if I X I > a, then x > a. or x < - aj 

If I X + b I £ a, then - a ^ x + b £ a, f^rom y/hlch v/e 
obtain - a - b ^ x ^ a - b by adding^- b to each .member of/ the 
Inequality. « ■ " , 
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o further axarapies of open Bentenaes pontalnlng absolute 
^luas follow. Considering first an equation. If we are glYen 

^ . ' ^ : . - . ^ ^ . ' \ ^ ' .. - / ••: . ■ 7' ^ 

that I X - 2 I - 3j then either x -2^3 o^ (x - 2) - 3, and \^ 

• ■• ^ . -\ -'^ ^ ' . ■ ' 

^^oe X m 5 or ^1, verify that {- 1, 5} ^ft the s^^ : 

fop the given equation we qan use direct . substitution. If x ^ 5, 

then I 5 -^ 2 | - | 3| ^ 3, as requlrednlf x ^ 1, then 

I - 1^ 2 I =^ r-:3 I ^ 3, .and our oheeKlng Is finished. 

The use 0f the ntunber line Is helpful when Hlseusslng open 

seritences containing absolute values. Referrlngf to the equation 

"\ X .2 I ^ 3 of , the precedlng' paragraph^ we may think of the . 

quantity | x - 2 | as the dlstanee on the number llrte between 

the points whose values are x and 2. Slnoe^ | x - 2 | equals 

f 2 - X I, X may be either to the right or the left of 2 at a 

distance of 3 units from 2. This leads Immediately to the con- 

elusion' that X must be 5 or - 1. Figure. TC^ l-9b Illustrates 

the Idea, ' ^ ^ 



1-2 =3 . 5=2^3 



t r-- f 



-1 0 1 2 ; ' . 5 ; 

Figure TO, l--9b, Qraph of the solution set for ' 

X R and J X - 2 i ^ 3.: . 

, \ Inequalities containing absolute values are ^a>v4ittle more 
difficult at first J but ^ere a^a^ the use of the ^^^Vf^' line 
is instructive* For example, v/hat is ihe solution set of 
(x i xeR and | x - 2 | < 3}? Interpreted graphically^ the 
the Ineqtiallty states that the distance from x to 2, tor from 
2 to X, must be less than 3. Since we have already found that 



I 



when the distance equals 3,^x is either 1 or 5, it follows that 
'for the aistanee | x - 2 ifto be-less than 3, x must "be to the '' 
right of - 1 and to the^ lefft of 5. " In other words, the solution 
s-st Is'- - ■ ■ ■.,/ ■ »■ ■ ■ - ■ ,-. 

^ ' (x : W ^ R and - 1 < x < ^5h\ 

Ihe algebrale manlpula^i^s heeded .to solve this Inequality 
also depend upon the two alternative conditions Implied 'fey abso- 
lute value. If | x ^ S | < 3^ th^n x ^ 2 may be either positive 
or' negative (or zero) . If it Is positive, then x -- 2 < 3, 
whereas if it is negative, then ^ (x - 2) < 3 or 2 > - 3. 
Combining these' two results we havi - / '\ " 

< x^-. 2 < 3, V : , ^ 
and by kdd^ng 2 to each Member of this inequality ^^^^^aln ' .. 

This result;.agrees with that ojT. the preceding paragraph, 

.It may be helpful to observe that OGcasionally studeyits 
obtain erroneous results because they confuse - (x - 2) < 3 ^ 
with X -^2 < 3. If you are ca'Teful, hov/e^^^gr|> to develop the 
. idea that I x - a | 4 b means "that x r . a ^nay be positive or 
^negative, ^but; that to write x a/< + b is Incorrect, then your 
-students ought not tb be confused ly this distlnctlpn. 

^ ClOsely related to -.the notion of absolute vilu©^ Is the ^ 
frequently misunderstood, convention regarding the square root',,, 
symbol s/ . In fact, elthpr one could be used to define the . 
Other since the two definitions are exactly^ the same. Thus, if 
X Is a real number, then s^/^ Is x v;hen x is zero or positive 
and - X when x Is negative* Jn other words, ^ I x 
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fxampl^ ^/CF ^ .3 and \/(- 3)^ ^ 3. )a1so^ ^ ^ - a and 
" \/(- 3)^ - - 3i But note oarefuily the dlfferfnce ■between 
v4- 3)^ ^ 3 and 3^* TOie latter Is the same as V^*5 and thlB 



is the Imiglnary n^ber 'S.l. , ' j ■ ' " \ 

When sdlvlQg f^equallties such as x > 9 It Is adyantageous 
to use the f actvthat ^ | x We may then write | x | > 3 
fyom whidh It foil owe tha^ + x > 3^ and this in turn giVes x > 3 
or X < - 3. ThlB practice will help students to avoid the rather^ 
natural error of assuming that because x 9 means that x - r 3, 



x > 9 'must mean that x > J 3. It might be helpful to emphasize 
^that X S Implies that | x* | ^3 and from this obtain 



X - 3 and finally X m 13. Thm solution of the Inequality 
X /< 9 follows the same pattern. 

, ^ ' Exe&ises .1-9- — ' ' ' ' ' 

Problem 1 Is designed to give- students practice in writing 
ip.'^ set-builder notation ppen sentences which are expressed : 
Ver^bal^lyi Problem 2 contains the real meat of this section arid 
Is designed in such a way that each part contributes to under^ 
S'tandlng of the parts which .follow,; , The s'e problems^ tate time, . 
and 1^ would be a mistake to expect that your students can do 

of Problem 2 In oi^^asslgnment . The drawing qf the graphs 
of the solution Bets shbUld emphasize %he ma / 
rather rthah/ the art wo^|i Problems 5-6 are o^ional since they 
depend Upon Section* 1-7 ^as well. -a'Sj the present section, . ' 
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Answers to ^eroiBeB 1-9 . / , ■ _~ 

1. a) Cxix ^7)* U may be thia sat of 1) natural numbare, or ^ 
2) digits J or 3) Integers, e to. It Is also possible 
to Inoiuda the unl vers ©In the set-bullder, e.g., 
Cx*K Is an integer ana x > 7) 

b) Cx-x^ R and x^ ^ 3). ' ^ ^ 

• , ' ^ ^ ; - ■ ! ^ ■ • 

c) (x^ € R and X < 0) V 
ix'.x ff R afhd'v^;> ^} or [xix Is a. natural^ number and . ,• 



d) 



b) 
c) 

d) 

e) 
f) 

1) 

m) 
n> 



> 25) 



e) Cx:3 |x| - 5 ^ - 3), 

2. a) ;/ ' 



U i^i.th^set of real number^^ 
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0 1 il 3 4 5 



-1 0 1 



VH- O 1 



♦ t ? ' 



' ' . i # ♦ ♦ ♦ # I 



-y--4 .3 -a -1 o 1 2 3 



-^1 



H — H 
O 1 

t i 



0 1 



^ .0 1 
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0 1 2 3 
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0 1 
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0 1 
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' 1 
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■(1 
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. Si - 


ti,2,3i;. ■;: 
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c) 




(415}' 's ' - '. 
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a) 

e) 
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g and h are the same 



b) 



S| %4 








a) 


h 




'S4V 






c) 


S3U 


d) 


S3 n 



C^' 5,/- .4,- 3, 


■e) S| - 


- t-i,, 0, 1, 2, 33 


(-;.3i,- 2,. 1,0) 




- (r* 9,-4,1,2, 

f ,4,53 


C- a,- 4,-3, 


s) s| n 


= (1,2,33 

■1 ^ 


- 2,. 1,0,4,5}' 






h) • (S3y ;sij] 


!;-^4l,2,3} 




-1 0 1 



-3 



0 1 



0 1 



-3 -U 0 1 
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1*10. Ordered ^ Pairs and Graphs . 
^' The concept of an ordered pair^is an extremely usef^il one 
inMrtany branches of mathematics jn addition., to the uses in. the 

^'text (Cartesfmn pro^cts, reli,tions a^'d functions) ordered palt^s 
are used to represent negative. numberi^' 'r^atlonal m^bers^ ^complex 
numbers/ vectors' and numerow ather mathematical concepts. The 

^gtudent should be quite familiar with the ordered pair idea, 
thotigh perhapa on an intuitive le^el only. You might ask a 
student for the name qf the f Irs^Upresldent of the United States^ 
and point out that this is an orde^ld- paitr^ with George as the 
first, component and VJashlngton as the secb'nd* Or, asaln, vou 
mlght.,.ask what an umpire means v;hen during^.a baseball game he 

BSifB tm^t the "count" is, 3 and 2\ Since balls are announced 

^^^fi ■ " - -■ - 

before strikes^ this constitutes an ordered pair. You can 
probably think of many more such examples' and should use as . 
many as seem necessary to convince the studentp that this Is a 
commonplace and extremely simple idea. 

We use the *wordi^ '"me^er" on to define the ^bmpo- . ^ 

nents of an ordered pair .-/f Technically this is not good^usage , 
since an ordered pair is not a ^et consisting of its comporients, 
but we feil that- our meaning' is . clear/ and frpm this point on,. 
X and y are always referred t^* as" components of order^ed pairs. 

We have avoided the use of' the Id^a^ of an independent and ' 
fiependent variable in our work since the use of sets in'dis-'^ 
cussing relations and functions renders them superfluouB* 



These exercises vary In purpose. ExerGlses 1, 2, and 3 deal 
with some, simple properties of ordered pairs/ while exerclsee 
4 fmd 5 are largely intended as problems in read^Jng-and under- 
standing the v;ords we use^ to ^dlscuss sets of ordered pairs - 
Exercises 6 to 9 give practice in finding elements jof the 
solution sets for open sentences In two variables and In graphing 
the sets . . ■ • 

Answers to Exercises I-IQ . ' 

1. C (1,1), (1,2), (1,3), (2,1), (2,2), (#,3), (3,1), (3, 2), (3, 3) j 

2. (x,y) (u,v) — ^ X ^ u or y v or both. 
3,.. a) X 3 and y = 2 - c) y ^ 2 

■ b) X = ^ ' , d)'' y ^ i\ 

4. ^((1,1), (2,7), (3,5), (^,8), (5,3), (6,2), {T,k)\ (8,6)} 

5. ' a) ((2,7)', (4,8), ■(5,3), (7,4)] (Braces not essential) 

b) Three: (2,i)-VCW) , (5,3) ■ • . ; 

c) Five: (lvl)';(&,30,(6,2),(7,4),(8,6) / • ' 

d) Yes (5,^|-W- ' 

e) Yes 

6. a)' [(0,0), (7, 7)1 e) ( (3,2) , (4,1) ) 

b) C(3,2),(4,l),(2,l)) f) ((0,0)3 V 

0) 0 . . ' g) ((0,0),(2,JU,(4,1)} 

d) ((4,1), (0,0)) h) ((2,1), (3^2)) 

7-8. See next sheet for the j answers. ,. ^ 



1-11. Cartesian F^oducts , * 

' — — " 

The Cartesian produot is used In this text to give a well 
defined universe for sets of ordered pairs. In particular, 
R X R is in one-to-one correspondence v/ith the p^nts of the 
geometplc plane and thus serves well for the representation of 
solution sets of ^open sentenoes in two real variables* As 



mentioned in Exercise 10, the concept can be extended to ordered 
trlpleB, or indeed, to ordered n- tuples, aTid appropriate use ^ 
can be made of the corresponding Oltrteslan products. For 
instance, with ordered triples (x,y,z), we can associate the 
Cartesian product R x R x R with the geometric points in ^ 
Euclidean 3-space. J 

In some textbooks * the words "Cartesian set" are used to 
represent the Cartesian product of a set with itself j R x R is 
thus said to be the Cartesian set of R .We f^el that the 
notion is not important ^ enQugh to bring to the student's attention 
nov;. Another way to picture the formation of a Cartesian product 
la by means of the "tree", as in Figure TC, 1-11 where we fom 
the Cartesian product of (1,2,3) with 'itself. 



(1J ) 
(1.2) 
(1,3) 
(2,U 
(2,2) 
(2.3) 
(3, 1 ) 
(3,2) 
(3,3) 




Fig. TC, 1=11 
1 

u 
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In a sense, the Cartesian product Is a mathemat4;clan^s 
canvas upon which he is able to picture relationships by 
selecting various subsets upon which to focus his attention. 



' ' . ' Exercises ^^11 , 
The exercises are straightforward and designed to famil- 
iarize the student with the simpler aspects of ^Cartesian products, 
and agaln^ to provide practice in the reading an4 writing of set 
symbols * 



Answers to Exercises 1-11 



a) 
b) 
c) 
. d) 

2., A ^ 

B = 
3. ia) 



4. 



One . 

Pour , 

Mine. 

2 
n . 

(7,8,9) 



U X U = ((1,1) ) 
U X U ((1,1), (1,2), (2,1), (2,2) } 



I 



A X B = 



2 


, 3 


, ^) 




5 




i ^- 




4 








3 




-it. 




2 






■ ♦ ■ - 


1 
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1 2 


3 4 
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2- 
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* ft 


ft 
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ft 




ft 




# 




ft ■ 








L 




i — -k - 








I -1 


0 1 


2 



'(7, 1), (7, 2), (T, 3), (7, 4)1 
^{8,1),\8,2),(8,.3),(8,4) 
(9,1), (9, 2), (.9, 3), (9, 4) 

b) 



c) 



[(1,2), (2,2), (3, 2), 
((3,1), (3, 2), (3, 3), 



(4,2), 
(5,2)} 

(3,4), 

(3 '^0} 
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5. a) A X B « {il,^f^(l,5Ui^.^)A2,5)A3A)A3s5)) 

b) B X A = [(4,1),(4,2),(4,3),(5,1),(5,2);(5,3)) 

c) Six ' ^ • - 

d) Zero- , 
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a) 
b) 
c) 

d) 

a) 
b) 

c) 



mn 



m or whichever Is less 

Yes. Either m - 1 or n = 1, the other equals 17, 
Eight, n ^ 1,2,3,4,6,8,12, or 24 and m ^ . 



n - 










n 




a 








n 


2 



n = 



2 

n + n 



ACU and BCU, then A x ECU x U 

((1,1,1), (1,1, 2), (1,2,1), (1,2, 2), (2, 1,1), (2,1, 2), (2,2,1), 
,(2,2,2)} 



a) 

b) The vertices" of a cube, A lattice Is the Intersection 



c) 
d) 
a) 

b) 

n2 

•a) 



of perpendiculai' seta "of equally spaced parallel lines 
It is a set of points. 

None for U = (1,2} 

4 . ■ - 

2 =16 

((1,2);(1,3),(2,1),(2,3),(3,1),(3,2) 

Six 

r t ' 

- n 

B ^ (6n:n Is a digit and 6n < 25) | 

- (6,12,18,^24} 

J A-^ (4n:n a digit and 4n < 25) 

, = (4,8,12,16,20,24) 

^(4,6), (4, 12), (4, 18), (4, 24), 
(8, 6), (8, 12), (8, 18), (8, 24), 
^ X B = ^(12,6), (12,12), (1^,18), (12,24), 
( 16, 6) , ( 16, 12) , ( 16, 18) , ( 16, 24) , 
( 20, 6) ( 20, 12) , ( 20, 18 ) , ( 20, 24 ) , 
(24,6), (24, 12), (24, 18), (24, 24) ^ 
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b) 



Delated A x B - bbM^ as answer to; a), but* without 
(I2,lt) and (2i^,24). ; , 

<4,12),(i;,24),^ 
(8, 12), (8,24), 
(12,12), (12,24), 
(16,12), (16,24), 
(20,12), (20,24), 
(24,12), (24,24) 



A X A n Ax B 



1^12. 



Locus 



We ^ have stai^red this section because we make heavy use of 
the Union and Intersection of solution sets, and unlori and inter- 
section aire themselves optional topics. We feel, however, that 
it \^lll pi*-ove , very popular with those students who cover it 
since mosttbf '^|he, graphs of inequalities a^. absolute value 
relationships will ^be different from those to which they are 
present l^^^^ustomed. I 

Some" ^tiientlon must be given to the difference between 

~ """"""" 
< and and spme convention adopted with respect to how to 

graphs the. ^|^:?|ri6r* The use of the dotted line to indicated ;thatf^-- 



tfif *p.ifie is ■^eluded is useful here, but you should -feel free- to 

The 



1 



A|;tobii^ >, 
mi 



convention if you find it more convenienti 
Id© i!^lfcd.ng vis that the line be included or excluded the 
B^.t'^atlon retjuir^S;. , ,, .\;, -V' /^ ■ 

^ i ,3h*bM c\i4tB-', to graphing should be encouraged and the* student 
shoi^l^^be /urged ;t;o'i for them* For Instance if he has graphed 
y ^ '.|x-(*'-/ .^d;:l s^^^^^^^ graph y ^' |x| +1, the process of 

pi ot t Sn©^ large "'p^^ of points, or worse, of making up a new - 



' ■ . fa 

tatle from which to plot them,^ is a waste time. Instead, he 
Should be required to ask himseaf Just what %f feet the addition s 
of the constant l^will have on the^orlglnal graph and proceed 
from there* Furthermore, you should explain hdw^ having graphed 
y ^ |xj, he can reduce the problem of graphtog y < |x|, y ^ 1^!* 
y^ 3 |x|, etc, to a simple matter of sketching, arid that he 
cal%obtaln such graphs* almost at oncei Every reasonable oppor- 
tunity to obtain a graph without plotfclng points should toe 
exploited fully. We have kept the types of graph to a very 
small number, so that the student can learn to recognize familiar 
forms and can save himself many hours of laborious computation. 

n I 

^ . Exercises 1-12, 
^The exercises are simply to provldei^ practice in graphing. 
They may hov/ever be extended. For instance. Exercises 5, 6, and 
7 suggest the idea that there are set=bullders which will provide 
a graphical pattern^ similar to that formed by the black squares 
on a checkerboard. If you wish you may ask the student to find 
them. In general, the student should be encouraged to experiment 
with various set- builders to find some which will give interesting 
patterns . ■ . . ' . . ' 
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Answers to Exercises 1-12 
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' 1- 1 3 a Re la 1 1 on st ^- ""-^ -.^ ' ' f ^ " ■ 

in. the ^eScty*' We confine our attention numtoi,ca^ 
although you mayj^lsh to Introduae the i?elation; ebhd some 
every day ^on-nume^leal examples . The hust^^^wif e,' fath^^ 
employer-employee, or- dOptor= patient relationships { to. riame 'a f ew^ 
are suitable for tfte pxir-^^i./'^^ou go on to- show thit' these 
have something In common v/l.th numerical relations, namely, the 
association of pairing of the elements of one s^t with those of ^ 
another. We may look to geometry for other' examples of relations* 
Ihe 'parallelism of llneev . f or InstanceV Is a relatl6n,^^^wlth any 
v:ti^O<,llnee In 'the plane belng^ieithf r jS> - or out or the -teelatloh . 
The ' perp^B^ of lines, t&e ihe^denQe. lines, ^ 

' ' congruence prd^ertleB, etc., are f^rtlrler examples of geometric 
relations. ■ ' " m / ^ - ^^^^^^^ ^ 

. Any equation in .two , variables defines a relation, l,e,, Its^^'" 

solution set' In U x If U Is finite and contains n elements, 

\ ^ n- - ' " ' ' 

then there are exactly 2 possible sub-sets of U x U (GOuntlng 0 

and U X U) and hence s"^ poaslMe relations In U x U. In the 

t:Vevent that U Is an infdnlt^e set, there are an infinite number 

^^^fl^f possible^ relations inW x U, 

In general, any set of ordered pairs is a relation, because 

we can alv/^ys obtain a Cartesian product A x< B ^ v/here . A 4s ^ 

the set of first and B of second" components of the ordered palra 

^ .The given set of ordered pairs is 'clearly -a sub=set of ■ A x B. 

The reason we define a relation as a sub-aet of A X B is to give 

some specific frame of reference upon v/hich the otudont may focus;.: 

' his attention. The sets A and B are not ref erred to as the . ■ ' ' 
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;dortiain and range of the reiatlon in this text because we wish to 
;#flipha'|i^e these terms in cohnectlpn v;lth functions where they - ^ 
rajr#' di': greater Importance and where the distinction Is more^useful. 

': ;/' 0he partieularly Important, aspect Jhls sectipn'''is' the-'- 
fact 'that a relation may be represented in various w^^ys- Whether 
^It be specified by graph, setibullde^, table^ or listing/ we wish 
jlt understood that we are talking about only one thinly the ; set 
df ordered pairs which is the relation, The graph,, of course, is 
usually the eksldst :way , for the ^ stud to pidtuA a ifelation^i^ ■ 
and we have tried to stress this 'Idea in the exerci^'s," There 
are relattons f or jyhlQh the open> sentence is the easiest' detcrlp- 
tloni for example^ "x ajafl' y are ijidOTmen^urable" (tV^»V tfie'^ 
ratio; qf K to y Is irrational) , / Such ^ relations ^ 
too: diipf Ifiult to threat at the high school level, however, since" 
the student cannp^ pic tuiifl^ them, -^J^ 

■ There are tv;9 pother items which ml^yt proye of Interest, 
'plrst, the Inverse of a relation Is obtalnad by Interch^hglng 
the x*s ,an^^;Vy *s In each pair in^ the relatlort^^' X^e hsive rnoij ' 
tresft^e^^the Ihvers'e of a relation In the text because, oncfe 
agalTV^' the idea' is more Important when applied' to functions and ■ :/ 
we do not wish to have to d^lstlhguish between the ideas. Second^ 
If the students have covered Section 1-7, It' mi^t 'b# t^ointed omt 
that since the complement bf a subset of^ U' x U Is also a subset 

of U X U, the complement, of any ']pelatlon In U x U Is a . 

=1 _ - - ' " ■ . ' ' . % 

relation in U k U* — , = ' ■ ^ . ^ . 



.. Thp ^erclses are. designed as much f br practice In graphing 
as i'or anything^^Ist , xn ^ixferclse 1> t}\e Idea Is "to see that ^' 'r^ . 
set containing an- elemeni: wh^li .1« not In U k U Is n^ a relav 
tion m Ux.U, ^ . ^ \ 

^ Exe^Bi^a ^^ \U12^rm^0 expl^anatioK* Wb have tried t^ ! ., 

pick rai|t£lons which are falrl^ lobvlous, since it is certainly ^ 
• butsida the .province, of this text %o#deV'elop specific machinery . # ' 

for arriving at defining equations tfor thesQ* relations. If you 

; - . ^. :/ ' ^'^.\'^ v^ \ ^ ^^^^ I'' - \r 

find the exircise too hard for most student^ j simply omit It . - \ 

■ " Exercise 3 may help the student to guess . certain parts of 2 

lf.,hfe has not . previously^ found /the jbequlsite equation, although 

In tljls small finite uijiverse^ the. picture Is hot alwAys too 

suggeBtlve. ./ ' 

Exetfclse 4 emphasizes graphing agaln^ 4(e)vand 4(g) 'm&y ^ 

tfte graphs or 

you wlsh..ta devote any tlm^.to It. 



^ lead to^a discussion or tife graphs of faQtorable ■equations If 



EjcerQlses 5 a;gid 6 ask the stud^.t tOt^test hie understanding 
off the definitions ©f'a relation and a Cartesian product, while 
7. and 8 are designed to show that the universe Is viry; Important 
in the relation concept. - ^ ^ 

Answers to 'Exercis es 1=-13 *| ^ , ^ 

1. '^'Tha folloWihg ^do not: * b - because of lero^ c - because of 
negSLthvi Integer/ e - .12^ is not In set and nelthej^ are the 
fi*actlQns^ f - 10 is not^^^ln set, 1 - fractlons^-'k - negative 
e^ars, and n - because x Is'any digit, lOx Is not. 



2. . a) •C(x,yj's jf 3x) 

-P) t(x,y) I- X f 33r) 

( ( X , y) i 3C y J 10) 



^2 

■or y + 4x*- 4 

- — : ^^^kx^.^ •- - - - - :f . - 



Note: .In set builder notatloh we may use elements not ^.n w 



universe as 


part of O'wr opei 


1 septenoe'. 


d) .; C(x,y) - 




1) -C(x,y) 


e) C(x,y): 


X + 3 » y) , 




f> C(Xiy)^ 


y ac) • , ^ 


. "k) f(x,y) 


s) C(x,,y)^ 


y - x^} ; ^ " 


, i) ; C(4y) 




» ■ ■ 








■ \ ''i ' ' or 

,j. .-, ■ ' ■* 


Note: This 


Is hot Intended 


as material 



■ ♦ 



to be fitted.' If any answer is given which is correct, 
accept * It arid continue without dlscussl^S ^ 




5. Yesi' See definition of a. Cartesian Produot, 

6. No. mie relation (^,4), (2,9)) whfre U Is the js»t of 

i m Lu ra y iiui Hljtir B 3^ a a than 1 0- has A > ( 17 8) ana " 3 = (4,9). ' 

■ ' ' ' ■ ■■'■'] " ' ■ "■ ' " ■ ■ 

The Cartes lan^Product A x B = C (1,4) , (1,9) , (2,4), (2,9) ) . , - 

Hence J, the aubeet of U x U exhibited .as a relation la not 

Itself a Cartealan Product but a subset of a Cartealan ' . 

Product, " : 

?• y - x and y ^ X » , 

8. No. ' • : ' ■ ' . ■ 

1^14^ Functions ' ' J . W^ >^ 5^ 

All of the material we have studied so *far leads up to the 
concept of a function*. Since the subJeob.-to be^ covered during 
this semester Is that of elementary functions^ It is' worthwhile . 
spending some time clarifying the "concept. 

You will nqtlce that we have taken two viawpolnts with 
j*espeot to functions. In one gase, a function la looked upon 
as doing something, that Is, assoolating with or assigning to 
the elements of one set those of another. In the other use, a 
function is looked upon as being something, a set of ordered pairs. 
If we take the ordered pair viewpoint, then a function becomes 
simply a special .kind (many to one or one to one) of relation. 
Many- jnat hfema 1 1 c 1 an s commonly think of a functlon^ in the first 
sense;, and we have placed the major emphasis - on this viewpoint. 
Of course no mathematician would alv/ays feel compelled to think 
in thlS'V/ay and in practice either viewpoint may be adopted In-a 
given discussion since they can be shown to be logically equiva- 



lent. If w'e are dlBcusslng functions of functions (oomposltlbns) 
the association or mapping Gbncept seems more CQhVfnlent, while 
- ttte-^ordered^palr desor^^^ cl earl y preferable vJh mrrw pTWS^ % 

entlnfe a function as a 'graph. Me student should become famUlar 
With both, 

You should be very careful at this stage to Insist upon the 
proper use of functional notation and ho^ to read It,/ If we 
write ' : - ' . 

V ■ f :x — > 
then we readj ' ^ 

' "The function f which takes (or maps) x Into y." 
If we vfylte y ^ f(x)^ we riad 

"y Is the value of f at x. " 

■ . , ■ ■- ■ , * 

f :R ^ R , ^ ' . 

* Is read# > . 




"f Is a function from the real numbers to the real numbers.' 
. or ^ . ^ I 

"f Is a function from the reals to the reals," 
The student should not be permitted to say that y ^ f(x) Is a 
function. This Is a common , error of usage. Many mathematicians 
still use y - f (x) elllptlcally, but being mathematicians, they 
unde3?stand what "they are ddlng*^ High' school students, however, 
are apt to . be ^ery confused' b and we wish to do everything 

we can to be 'clear about the matter, Thus, y ^ 3 - x is not a 

"linear function" although it mayFbe used to/ define one over^ the 

*> . ■ 

reals, l.e, ' \- - 



It is useful to vlsualij^e 4 function as a machine . (,mie maehlue. 
may be Represented as a box with a hopper for input andt^a spout 
for o ut put aW " i ll glK u ra T C , l-litT~ ^& domain of f % i s then 



the iriputxand th^j, range Is the out^t. 




rWigwre TC, 1-14 ' y ^ 

If we place something in the hopper which Is not In the ddnlalnj 
.we can picture the machine Jamming. (This is 4hat actually 
happens when such an event occurs. In an elctronlo computerj It 
stops,) This Is a particularly useful device In handling the 
composJ^tlon of functlong,^ which we deal with In Ghapter 3* 

In explaining the function concept you will probably wish 
to make use of a variety of techniques* Thm machine is one stfch. 
Another approach might be ^o suggest a function from a domain 
consisting of the students In the class to a range consisting of 
the seats In the class and then ask for restrictions on jhe 
assignment so that it represerits a function. For instance, two 
different seats could not be assigned to thfe same, student j at 
least one seat would have to be assigned to ^each student^, etc * 
Orlagalnj Inquire into the possibility of defining a function 
fromNthe Bet of students to the set of their weights. Such 
examples are easy to devise and provide a'meane of focusing^ 
attentipn on the essential properties of a function* Also it- is 
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useful fQ> %he etudes to be kware of the fact that the domaln^ 
and rangB of a function need^^ot be humeri^ Many times It Is ^ 
'^useful to cons ld6i^ d functlbn f sa^^ to aj^set of • 

points In a plane or vice verea (Chapter 5i • 

rt Is also helpful to use ejca^ples fpOT the sclenoes. You 
might ask the students what physlGista mean when they ; say : tha 
the length of a metal bar Is a" function of the temperature of the 
bar, or that the pressure of a gas at a given temperature Is a 
^function of the volume It occupies. Make sure In each case that 
ehe-;p.tw^dent^^^ a function from the real numbers to thf 



^ ' : ;!^h#i'dn:^oduclng the Idea of i^he^f unction as a mapping, you 
should point ^dut;tha#;,t^ be more than one arrow from 

each /element of the domain while there- can be any number of \ 
arrows to each element of the range* If there . Is Just one arppw 

/ to each element In the range, then the function Is s%ld to be 
one-to-one and, as will be seen later, has ^an Inverse, 

The concepts of domain and range should be emphasized* It 

• should be made clear that order to. define a function, we must 

. have a domain* (It will prove valuable to the students if from 
' time to time after you have completed the unit you s^top and ask 
for tHe domfln and range of whatever function you may be consid- 
ering at thdltlme.) Wejuse the terminology "real function" so 
that the domain and i*ange are specified as the set of real 
numbers. , \ ^ ^ \ : 
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These , ai?ieV^Xji»clSeS'^.ln the use of functional notation. 



Most 



Of the ex^jpc'tfl^i'i^i^^^a^^^ functlonB, though 3(e) and (f) 
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may n&e^ ^m^i'^iM^^i^m^:':^ The Idea here is to exclude oartaln 
values frdWV:t:h^^^^^ range* \ The question of how to find 

the. exeitiy^d^'^.i^^ of a function his not been dis- 

cussed InVtHe';^ way Is to gketch the graph of the 

functlonV/f^ Another useful procedure, wHSn 

feaslbl©^/;'^s^?;r^p,;;^^^^ equation y^ftlx) for x and to 

observe-i'i^^'lfth';,^ y. do rfot def^Aie a value of x, Reraise 

6 em^rf^il^ of ^/ '\ Exercis^f'g 

Is anv|?vl^feHi^i^t,i^ the ■ idfef^df a pptnt dltfcon^nulty, ,and the 
: s©u^n€'j&h©uldvte^'^m^ "hole" in '-bh^ 

fuxx^^i:^:^^}^ : fee ■ qpd;fj'ed- paii|( 0, Ci) In';! ibh©' 'graph 'of 



AhSv^fil''ft■vfe0^EScero;i^s 1-14 




:Vi^i^^'^:f^lMeQa^ise^ Is multlpi^- valu^d. 

'/^^^^^ °" ly the : pos 1 1 Lv^'iisqua^-e 'root';'-) ' - 

b) 





■':-.-:r^ 
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3. Domain 

a) R 

b) R 



. R- ■ ■ ■ 




No3i-negativ6 Rk 



c) * Nori-negatlye 

A) . ... :r 

e) R except x = 1 

f) R except x = 2 or - 2 



B except 1 



Do not discuss f at length, Imply gcaptf to Idbk 









1 

— — — - H 








(ad • V 




















/ 


^ 1 













If you test to find values of x for - g- 



equal t&.l? 



numbers' between - ^ and 0^ you will obtain Imaginary 
values * ' . ■ 



ERLC\ 
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b) f(- a) - - 1 

(|) 



d) f (I) - 4 



a) , f(6) 


■^■3, ■■ ■■ . : ■ . ■„ 




fC- 1) - 6 




c) «;a) 


- Sa + 3 ^ ' 




; f(x - 1), » 

• - ■ . ■ 




a) f(4) 


^ 0 , 


■ ^v-^i'b) 


f(_ 5)' - + 3 




o) f(5) 






f(a) -v/a^ = 


16 


e) r(a . 


-1) - - Sa - 


.15 f ) 


f (7r) - 


16 


p hp €• 




' 


li' ■ 





8, 



d Is not . th#' '6p:}atiG|ii set^^^^^^ a function since It' pairs, mor^ 
'than one elemejit;iDf '.^h^/^^h^^ with each (element of th^; domain. 
2, 0) , ( - 1, v^y^-^ll^i^/sL ; Cl,^^ 2, 0) ) • ; :|, • ' 

.^^in - ,,(- 2, - 1^ 0,.- l,'^sy' ■ ■ ■ ^ ■ ;^ 

Sanse. ,= (0, v^, 2'J ' ' ' .-^I^i 



They are not the same funo,tl#ii slnoe does not Include 
ze^q in- the domain or ■range'.' 



I0."a) 4^ - 



c) 16, - 16 



d) 12, - 12 



\ 



1-15. Graph of a function 



The graph Is . perhaps the cleai'eat means of displaying a ' 
function,' since .tW^stbry Is all there at once. The student can 
observe; the behavior of f for the various portions of the 
domain, and, in most cas.es, irregularities are obvious Immediately. 
The difficulty Is, of course, that some functions cannot be 
graphed, as, for example, .. . ' ■ ■ 
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f tx- 
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1 .If X rat 161^1, ■ ^< 




[0 IC X Irrational 
% Slne#^; high school a tudents are hot normally exposed to such 

fKmctions, however, this Is riot a -frery serious obstacle. " 
V • We graph rnlght best be ^ro^uoed Rising some^^ f 

whose behavior not too obvious. If tAe class. has coveret *. 
Section 3,^12 (Locus), the students should be familiar wi the 
graph of .!x| +:!yj ^ 3, as in Figure TO, 1-1^|l, and^mar^^^^^^ be 
Interested i|n..:t^e^raph' of -i^; ■ ;. > / " ? ; «' . . 

. y\ =4). - 

as shown ifl Iflgure TC, l-15b. ^ . . > ' . • \ 













\ V...„ X 


t'3,0)\. 













f2.2) 



(-2r2) 



<2r2) 



Figure. TCJ-15a 



Figurfe ,mi-15b 



Or again,: you may v/lsh to use the^ "greatest Integer cdntained in" 
function^ whlcKj^ while.not in the text^ Is easily explained and. 
leads to some Interesting configurations., V/e define - . 

. . ^ tlx — > [x] . 



V 



ERIC 




as ; th^ .function wh^ch maps Into the greatest Intager. eori'^' 
talntd, In X. * 'Thus ' 4 - ^ i^-" ' 



, ^(1) =1, f(3/2) - 1, f^2) - O, :f(. 3/2) = - g, etc. ■ V ' 
'Hie gcaph of the equation ^Wx] Is In "Figure Tc/l-lSc. ■ Th&rK 
a-3?€ a; number of. IntereBtli^g bfl^^lna^ can be formed with 



Plgures TC, i-lSd to TC, 15g lriustrate.' f our *of them. 



. *^ — - 




rig. 


TCJ-15C 

* 


3 

* a 




. r ; ■ >< 


-Zt -a -1 

V -3 


1 2, ' 3 

i. •= 



4y 

12 
11 
10 
9 

a 

y 
a 

5 
4 

3 
2 

r, 



Fig.TC,M5e 



'1 

-2 
-3^ 
-4- 
-5 



////// 



-2 -1 



-1 



1 2 



-3^ f:x^x - [x] 
Fjg.TCJ-15y 



/ r 



12 3 4 



-1 
-2 

-4 



Fig. TCJ-fSf 



, f |M| ^ 
, Fig.TQH5g 
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Purthembre, ■ an infinite checkerboard pattern' such as tha^^men-'; * 

',■ tloned in this manual under Ebcerclses 1-1^ Is "given By ' ' 

,;, ' ___ ■ ' ■ : Y f ,-S>' :f^' . _ . ; _. 

\ ' . [ (x,y) r[x] is even and [y ] Is even]-. ; 

.' . ' . ' ■ ■ ■ " i- ■ ^ • ■ ^ ' • ■ ',. ■ ' ■ ' ■ ■■ ■■■ 

• • You may also tivp. it :Re'lpf ui to sketch on the .blackboard, ' . 

somejfigures almila^to thope in Figure l-15f and haVe the- ' 

students deteJrtnlne whether or not they represent functions by 

applying" the vertloal line, test. Exeroise 2 on pag& 68 is also 

a, useful type' of blackboard exercise, and you" wll probably find 

It helpful to do one for them as an Illustration ;bef ore the 

students attempt to do exercise 2 themselveB. , , . 




r 

0' 



Answers to ^ Exercises 1-15 * 

1. r^-»^d ' h are graphs of functions* ' ; ^ \ 

c and d; fall to%eet the "vertical line test." 
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1;-16. Suimnary of Chapter 1 



' In this section we have presented a brllf resume of the 
various. conqep)ts developed In the- chapter f or revlew^ purposes, 



Miscellaneous Exercises 



; the proble^^ Gontalned' Irt. this set ar^ general more|dlffl- 
Cult than :,th'e^-f^oblemB >Goritalned in the body of the chapt^. 



They^are deslgpred .tp test a student 'is:^ ablldLty to use tl 



•onpepta 



Of the chapter ?^n somev/hat original ^situations; Careful readlrtg 

■ * 



and interpretation' of ■ the symbolism is teha key to swceessi - 1--^ - j^^- ■ A^- 
assuming that the 'basic ideas have been mistergd, ( ;^ V* "' - ' 

ir you f eel' pt^essed for time^ -It^^is hQt ^nec isaalt^ ^ 
of these problems be assigned^. On the' other^n4> ^^ou' m£^t: ^ 



asiign 5ome or all of them" as a prpiJedt :rto be^ d-^rried on .dver^ an* 



' ■ .. ■ ' 62 ' \ 

extended period of time. ,^ It./WoTild also be' possible to use'^them' 

as review exercises ^npar;tiT^ end of. -the course by assigning one 
problem each night, along .i^i-th the cllrrent asslgnmerit. - ' 

Angwers to Exercises for Chapter 1 . 

1. ' a) A = (- 3,- 2,- 1,0,1,2,3} 
" ' b) B = (- 3„» 2,= rja,2,3] ^ 

c) C = (0,1,4,9,16) ' ' ■ \ 

' D = [0,1,2,3,4,5) ■ ' • ; 

2. - a) A X B = [(= 1,1),(- 1,5),(- 1,7) , (0,1) , (0,5) , (0,7) , 

(3,l),h,5),r3,7),(4,20j(iH5),(4>)} ' 

b) - =[0,1,4,5,6,7,8,9,10,11) 

c) = C- 7,- 5,- 1,0,3,4,15,20,21,28} 
*d) AUB = C- 1,0,1,3,4,5,7) 

*e) An.B - ' , ' 



0)j : ; ^ 

— 1 .... \ 




1 1 

r f - , 

i 






X 








! ' 
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- r 

1 ; : 


— < 


1— - ^ -, »-l — 
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i : . . 






X fc 2: 
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• d) 


^^^^^ 
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7. a) A = (0,- S)) 

b) Note: w(a + 2) = (S'+ 2)(S ~ 1) 

c) C -■ {(!,= 2)(3,&)(5,10;)t7,S8)] 

d) D = 1,0),(> 1,= 2),(0,0),(0,- 2), 

(1,0), (1,^ 2); ,(2,0).,^2,- 2)] 
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. In drawing these graphs we are plotting points (x,y) 

^ to meet the conditions of the problem. 

a) p(l) = 0 ' ^ f 

b) q(3) = = 7 , ' ' • . 

c) q(l) + p(- 2) = 1 + 3 = 2 

d) p(4 +q(0)j = p(/4 + 2) = 35 

e) q(p(q(2).)) = q(p(-4)) = q(15) = - 43 

t) p(l +p(l + p(l).) = p(l + p(l + 0)) = pfl + 0) 

g) P(q(x)) = h - 12x + 9x- - 1 = 3(1 - 4x + 3x^) 

h) q(p(x)) ^5-3x2 



= 0 



a): 




/ 


b) 




* 


X 




- -j -- , 
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d) Is exactly the same as a) 
e) 



• i 




If you reread the definition for A\ B you will find it to 
[ , ' ■ ^ 

agree with the definition' f or A (IB** 

Of the four parts of «^ this problem^ the first can be 

shown very easily* The ather 3 parts will be done in 3 

different metoods. ^It will be advisable to use the other 

tv/o methods w^n each of the 3 parts* 

a) A\ A is the same as A flA' (which has been shown In 
Exercise l-=7-2f) - 0 

b) Several parts of Exercise 1-7-6 will be used here In 
this proof: 

' 4V(BUC) ^ An(BUC)«. = An(Bmc«) ^ . 

' A riA n (B» n c«) - (An Bi) n (A nco = ^ 

(A\ B),S)'{'A^ C) 

c) A\(Bnc) =.(a\b)u (A\C) 

This demonstration will consist of an examination of the 
conditions described on the left side of the equation 
and tften on the right side. A\(Bnc) consists of those 
elements In A which are. not in both B and C* If %e 



J- 

apply this set of conditions to (A\B)U(A\C) we find 
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the sjame element either in (A\B) or (A\c) or both. ■ 
But It, det'lnltely- appears In the union of these two sets. 
Elements,, not In th& set on the left side would eithet 
not be In A or be' In- B' and ^Is same condition 

will rule : It out ^"pf the right side", . 
d) An'(B\b) ^ (AnB)\ (Bnc) ^ (A^aB) \ , ': ' . 



w 



e sh^ll'-uge a Venn alagram method to^i^yt th^|.| ^ 



An(B\C) 




Any se^ A"S^f. tw*? or mop^ points wh 
x^R^lB or y-axls . wouid not colnclSe, 
inclusion not /an equality. For exam 
a) : 



■• ■ . ■ ■ W'- ' ■■ ■ - ■ Mil 



4'*' 



#■ 'V ' 




!■ Then { (p(xjir) ,q(ily) ) : ' ' ' 



, (x;j^,y2), (Kg,y3^) ) ^n'^ A is a 



b) 















\ 

V 


A / t 

A j/ 1 






■ V ^ 





■The sil^fli. points, in the clrole 
A ,,\^^|pi»oduce as a Cartesian 
Pptf%C?!;s#t the ---i.- square 
wo^S^Bi'WdUld enclose it , 



1 1 



13: 



Basically, this givea a syTnboMc method of filling out a 
' minimum rectangle which wouyd^^tontalrihthe area Indicated. 
(It would be the. "minimum" ^^#4t^tfle whd^fflslde are I or 
II to the coordinate axes; 
a) 



Prove : 



Given ; 



AUB - fcf(5^^g&)^-^^ 

: m - r^^^fCx)^^^^^^^ B - Ixig(x) 

^ ^ If 




0) 



#? so all" x^(£AUB by^dfflrf^^n of union) will be 



I 



'f'Cx^f'Cx) .g(x) -qi^l^i^e first line. Similarly, 
for £ B. : .^^pt'rxlf(x)*gCx) - 0] 



Then f(K^)-€(x^) - 0, 



If ^ (x:f(xf%^^t 0), 
Arj|b since these ar^^unptlons from R to R for which 
no dl%lsor# of zero are toown to exlBtJ, either f (x^) - 0 



Mi 



or ^(x^F^ 0. |Mf|the first is' true x^^ A, If the 
second x^ e B ^%flnltlon. So : (xif (x) -gCx) ^ 0) 
CA U B 4, so thi^AJlquallty Is; established. 



& 
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Illustrative Test Questions f op Chapter 1 
The following twenty questions (with answers appended) have 
been Included in order to assist you In the preparation of tests, 
and quizzes. The order of the Items is approjdimately the same 
as the order in which the various concepts being tested appear 
in the text. This means that you can use selected problems from 
this list before the chapter has been completed. Ihe starred 
Items "^eal v/lth Ideas contained, in the optional material- of^ 
Sections 1^-6, 7, and 12. Problem 2 Is Included for the benefit 
. of those who stress proofs in the course, and It would not be 
a fair question for students who have not seen a proof of this 
kind before . . / 

Pbr a short quiz one or two problems^ from this list would 
be sufficient; a full period (kO to 50 minutes) test might contata 
anjrwhere from five to^en of the problems. It would be a mistake 
to give all twenty questions as a chapter test unless at least 
two class perlO(3i# were planned for It. ^ . y 



Represent the following sets symbolically i 

a) the prime num^rs of the form 4n ^ 1 less than 30 
(tablilate the dements); 

b) the r;pots of the equation + x +2^0 (use the 
set^bullder notation) . 

2* If and C are sets such that. A - B and B - C, prove 

that A = ^ = 

3. Given A = (1, 3] arfd B ^ (l^^a, 3, 4}, find all possible sets 

C- such |hat ACCCB*^^ 

if i 1^ 



Given U - [1, 2, 3, 4, 5). . A - (1, 3,*5), anaip^ [1,. 2, 
tabulate v 

i ■ ■ . 

■a). A» U B« J 
. b) A n B j . 
c) ^ (A n B«) U (A« n B) . - 

Gra^ the solution set of jx + /1| < ^ where'^the universe 

the set of integers. . ' / "^^^ 

If A ="Cx : 2x + 1 > 7), B ^ (x : x + 3 < 0), and 
.U= C-'4, - 2, 0,, 2, 4, 6 W tabulate 
^ a) A» n B» • . • .; 

b) (A U B) n B« . " . . 

Find "u \ arid v sUch .that {2u + 1, v - 1) = (u - 1, 3v) . 

If U = R, sketch the graph of S = C (x, y) : y < x arid 

1 < X < 2}* 

Sketch the graph of the Cartesian product A x B, where, 
A a [a, 3, 4, 5} and B = {y : 1 < y < 3 and y e R] : 
Given U = [1, 2, ,3, 4} and the Cartesian product U x U, 
list the members (x, y) of U x U such that x ^ y + 1. 

Graph the equation |xj + 2 jy| = 4. 

Olxen U = R, A * {(x, y) ^ 1 ^ + ^ 4}^ and 
B - [(x, y) : - 1 £ x 3], graph the locus of 

a) A n Bj , 

b) A U B« . • / 

Find a set selector whose set has the locus below i 

(The dotted line is not part of the locus and the arc shovm 

has a radius of 2. ) ' 



Express the following relatldns in set-builder notation, 
regarding the universe as the set of natural numbers less / 
than 10: • , 

a) C(4, 2^, (6, 3),(8, \ ' 

b) C(7, 9), (8/8), (8, 9), (Si 7). (9, 8), (9, 9)). 

The following relations may be expressed iM^'the form A x B. 
Find A and B. 

a) ((1, 2), (1, 3), (3, 2), '(3,3), (7, 2), (7, 3))j 
-b) C(x, y) : y = 3), U = Rj, I ' • 

c) ((x, y) I X > 3 and 0 < y ^ 4), 

U =^ ((x, y) ^ 5, y ^ 5, and x, y e R), 
For each of the follov/lng functions, specify the domain v/here 
the range Is gl\^n and the range where the domain I5 given : 

a) f : X — > y ^v^x - 1, y e R, y 2 0; ■ - , : 

b) f • X y « , X e R, X ?l - 1. ^ 

Given the ■function f 1 x — ^ f(<x) = x^ + 2, x g R, find 
a) i'CS);- . 

pj f (6) J ,/ . , . _ 



f(3/2)"j 



8.0 



■7k 

d) Elements of the domain which have 18 as an image. 
Indicate which of^the f o.llov/in-g phrases appl^ to the graphs 
below: ' ,i 
a relation between x 



b) a function that takes .x Into yj 



c) m function that takes y Into x 
(1) w (2) 





(3) 



(43 





y 









Given the function f : x — ^ c ( x ) 
grafihed at the Pight, gketch the 
g'ra^ of the follov/lng functions „ 
a> g: X - 

b) h:' X - 

c) kiM 













— J I 


\ 

y 





- f (^c); 
f(|x|); . 




c) m : X — » If (x) j . 

Graph the following functions In the universe of 
numbers^ indicating . the domain and range on^'the i 
axes : ^ . 



pproprlate 



X 



1' + , X > '1; 



Answers to iatlustratlve Test Quest loriB^ ■ - 

;i... 'a) C3,.7, ll,: 19iv23) \ ' • . 

b) ix : x5 ^^^k?=+ 2 ='0}-' (The universe : in' this o^se - Is;"' 
; the set of complex numbers,, although it is not obvious 
■ ^ by inspection. ) ■ .. ■ . 

"S. This problem seems so . intuitively obvious that students may 
, ■ vontier whyya proof is needed. .The _pdint is that we are usin^ 
the - s^gn, in a- new way, , an.d until , the property exhibited 
;in thl3.^exerc^ has 'iDeen' proved we "can do no more than 
assume that it is. true . 'j^- . • ■ ' 

The proof is to show 'that by .definition" every element 
pie set A is an element of the . set. c/ and that every ' 
element of C is an , element - Of A. ■ Then by defanition,' f}"' 
A = C. • . ; ■ ■ ■ • 

One form of '.fu- proof f'ollovm: ■ ■ . , 

« ' ' " ■ • . • . , 

Given: ^p^nd' C . are sets such that' A = B and B C 

Provo: \::#v.%G'."'- - . ' 

■ ■ ' # , 

S.ince • A.i«- B, ■ then a e A. implies aeB. ■' ' • .' / 

and since B = C, then- a; e B Implies a eC'i ' ■ 
' ' therefore, aeA implies a e C' 

" Also, since B = C ,- then ccG implies ceB- 
and slpce^ A ^ B, thert"^ c^B /inipldes ce A; " ' ' 

"u^^rcf o^re^ c eC implieG-^ c eA, ^ 
Hencef A = by, definition/ ' . ' \_ . " • 



I 
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Cl, 3J, |i; 2, 31, Ci, 3, 4), Cl, 2, \3, 4} .- ^ 

• "^a)^ :{2, 3, .4, 5} . ' , ■ 

c);' (2, 3, If, 5) 

5. Since the universe is the set of Integers, this problem c&n 
tfe done ^*)y trial using* direct substitution, or" ;rormaliv 
by manipulation. The solution set Is , ' . 

. ■ ■■ H ■ X is an integer, ar>d -4 < x < 2) 

and the graph is; 



^ -5 -4- -3 .-2 -1 

*6, ' A- =.(4, 6], B = ( = 4) ■ 
' a) 0*2} , 

b) -[4, 6} ^ 
u ^ -2„ V = -1/2 




1,"*'2 3 



The shaded region is, the 
graph of ' S.. It extends 
Indefinitely in the ' ' 
ijegat'lve y direction. 
It does not Incliide the 
lines- y ^ K, X = 1, and 



fc 



8.i 



ft 



t' X, + < ^i, and x >;i} 



or an equivalent form, such, as 



P, * A = [(x,y)^ x2 +'y-.< ii.}, B = C(x,yl. 



this req-.uired lo,ous g 
ii! . a) K (x,yp y itf' it/^ and x 



raph'of kCib. 



^or C(x,y) x =, 2y and y _^ 2} , 
t?)/Kx,^' x'4.;y,i 163. ■ 



r 



1} 
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15, ■^a)/':A.= Cl, 3j;7h B = (2., 3'}*' 



A = 



R, B = (3} ■ ," , 

■■ cO- A = [x ! x e R and 3 < x*x 5], 

•;■ ■ B = {y 1 y'tf R and 0 < y < 10 
^ ■ ■ ' ■ , ■ ■ ' ■ ■' ■, - 

46. a) Domain - ' [ x % x e R and 

b) The graph of 't . Is 



Prom the graph vie see 
that y - 1 Is not 
contained in the range 
of" f/ " 




















i 1) 

h 

c 

s 

SYMPTOTE 








I 










j 


X 






0 ■ 



w^, see that x Is undefined when y = ■ li 



y,f\R fan±^^ y ^ 1] 



'J 



r 



er|c 
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chapter 2 . 
'.POLYNOMIAL FUNCTIONS 



, Introduction . 

• ] . _ ... . 

'This Is the flr^t of two: cl&p 

It is oonoerned with the fact that 

is approximately straight saf |16t 

^he straight ^liAe whieh,^ approxlma 

Ls cal_^d the tan^ent^^^^ .P^'M 

Lamentary methdda a^a ^^WSi^bped 

fhe tangdnt tp the grai 

_ . , ' '< ^ 
jrid' theft at any point (h^ 




le can local 



If the s tudln^^Riffii^raw -thfi' graph '#i|'';tt»e pp^ynomi 



i 



The .iqca- 
tlon of maxlimflWm',lninlhium p^ht-f ' shoulcl''a,ssf5t l#i this 'dpocsss 

The equatloi^Sra&f tan#^tr to '^oayridmla 
ordlnai:^P^piJt|^|,. ^gi^^^^ e%'^ha. :llope^ M " 

of Se-ff^p|>^-5 1^- cus'tpmarliy ' called .tm derl\ratlv&' ^/te $qi4-' 
nota±al,^e have flellberately, avoided ,Mie'use of i:6hls wordJ Arii'^thQ 
notation. Teachets i^gel' not to -^ve b^^M^o^s ika^ ^ 
using calculus lariguage.'v It oUr hellfe that|^Rh.^k, 'f ormaia'/ ' 
Istlc treatment;o£.tealculus ^can do nfew'ffajm th«ri'^gefe^^'^ W is 



1 



.felt that , the present treatment wll#f^|'lsh' the stlden*wlth a ^ 
good -Ihtultlve background for a cour'se In Mlcuiil^talthoujligiv'lng 



er!g 



-88 





^2 




|idra' tfef- 'imjJresBlon that he already icnow^ the siibl'^;. 

'*./^"' • ■ ' ■ . * "-. W'' " 

|e- we are concerned with; approximatl>ig,^ 'graphs by ■/ • 

straight lines it seemed advl8am.e t§ 'revle^bpl6fly those 

furtetlons whose graphs - are str^^t llne^ . ' 'This 1& done" In 

Section 2-1, Section , 2-2 ■ Is 'dlvmei by. , exercise "Lists Into 

three lessons. All of the essential l|eas .oi" -the chapter 'are 



.developed for quadratic functions -in whig^ tHW-piiaW^of 
li/ 



ear approximation occurs In' Its,, simglest possible form. ^ In 



, , Sections 2-3 and 2-4 these Ideas ^e. app-lded to -polynomial s^df \ 
■ . • ■ ' ' ^ ^ -4 ' ' " ' ' - ^ m • \ • ^ 

, ;•• higher degree and Section '2-5 pummarlzete -the results^- In terms 

> of; the ^o-c ailed slope function. ; In ^egt'fon 2-6 "the !^echnfque 

^'Qf .-finding the tangent- Is applle^^t,* the ^soluti^n of m^'lmum '•. 

^rftbl^ ^1^ 3^4* ' 
).l^;far'%es|^^ii 



amount' of 'time -which Is avallab. 



and minltnum problems of cQnslderaba.|^ yggrie.ty aftd *'iht6restt^' iTha" 
■' ' ■■ ■ ' " ■ -t - €m cu.'fS. '.f ) 

cations w,il.l, 

probably vary considerably from school ^of school . ' Tha omlssiin 

' . . ( ■ # ; S ' ^ * ^ 

of this section ajtogetljer would iht^rtere wlth-^bsequent* 

eh^pters. Hov/ 



% 



ever. It is hoped that tlrffe will, be availabie^^r , 1% 
„^ ^u„^^ --^^^'of: th^^itterest whlS^J^j, /'.■'"• 



a fair number .of these problems, becaiMie* of thffi„J.itterest whlB^L ' 
the^/:are capable of arousing i'n th^-stufentf 



,0 



2 - 1 . Constant Functions and ^n^r F^^^i 




: Although the Ideas of this section should '^e fahjlllar: to 'the 
student. It 3s unlikely that he will have're^oi^tere^them, in- the 



language of .mapping used In Chapter 1. r This ^se^lon will, 
fore, at the same t^me give a review of important mater^^ anS 
valuable practice ;in the use of .functional' rDtatlon. v %. , 



ire- 
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iW' ■ . Aniwers to Sxerclses ; 



Slope s .3 ■; \ 
Slope = 2 : 



3;: (a)v : ;siope^=-:;''|=| 
" . (b) : Slope ^, "1^ = 6 



H-. (a): f(x) -a 
- (b) f (x) = -2x - 10 



13. 



(a) f :x-*j3x + 7 

(b) f :x— ».-.;3x ^ 3 

(a) f(3) = 5 

(b) f(3) - =.3 



S3 



(6) Slope m - i n. 

(d) ;siope = I 

ifi) f (x) = _ac + 7 

(d) f(x)^ -ac +13 



(c) Slope s "-^-^ s 2 



-3-' 



;f Slope « =. .2 



1- 6 

(c) Undefined at x= 
Not a function. 

(d) f-x— i-if 

(c) f(x) = -3x + 8 

(d) f (x) = „3x - 13 

(c) f(3) = 4 

if ■ 



8. 



Yes, The slope of the line through P and Q is -2' and 
the slope d the line throu^ P and. .°S la -2. Two 
lines/through the same point having the same slope colnGide 
a,b,c,d^g define functions, f defines a function , If 
b y 0. e' fails since it has move than onl value of the 
range for each value in the domain. 



ERIC 



(e) f(x) is apt defined (f ) f(-l) 

(g) f(,i) ^ 7 ; 



'■A 

a _ c 



11. 




12. (a) (100.1 - 100)( j jf - ) + .25 - .1(14K+ 25 = 26.4 

■ (-f (100.1) = 26.4" ^ . ' , 

- J . 3(14) + 25 = 4.2 + =S5 ^ 29.2. , f ( 100.3) a 29.2 , 

' ' (c)/ f (101.7) = 48.8 ■ 



(d| ;f(99.7 



) =-io.8, \^ 
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13. 



16, 
—17. 



(a) f(53.3); - - i^V(.3) + '25 - U.8 
(t?) f (53.8)/»=' - 16.2 

(d) f(52.6) = 42.6 

■ * . 

rac. + 7y + 1 » 0 



L X - 2y + 8 ^- 0 

fax- + Ty + 1 : = 0 ■ 

,ac - ;4y + 16 = 0 

lly = 15 
# 

15 



r - 3y +; 4 = 0 

Slope ; ^ I 

11 3^ 11^ 



103 

33 



= b 



103 



X, = - 



58 
11 



llx - 3-3y + 103 = 0 
1 



15. The slopes of the llhes AB Vand , CD' are and the 

' ' ' • 3 - ^ ' ^ 

slopes of the llnea AD and BC are '- . Since the^ 

opposite sides are. parallel (have the same slope), ABCD 

Is a parallelogram. \ , ' , ^ 

(a) C(4,8) 

f :x— - 1 _ . « 

fft+1) =. 2(t+l) - 1 = 2t +. 1 ■ 

P(t+1, 2t+l) is' on the graph of f. 

f(0) = f(t-l) v;hen^ t =• 1. Theht j(a) = 4 

,f(8) = f(t-l) .when t = 9. TI^n/f(8) = 82 



18. 



19. f (0). ^ f(t^.l^ v/h#n t = 1. Then f(o) 



= 2 



■f(8) = 82 



r 
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f('X^) - -f Cxg) ^ ax^, +.b - (ax 2 + 'b) = 



to. f (x^) a ax^ + M , 4. = =^2 



^ ax^ ^ aXg = 



•; * Since a < 0 and < Xg or ^ < 0* 



.-. f (x^) - f (Xg)^> 0 or f (f^ > ftxg) 



/ 
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V/' ^ \ "I '•'-■■''=•'.* ^ ■ ■ ' ^ «' ' ■* .■ * 

; g-g Q^ad^atlc Fung t Ions < ■ ■ ' ; ' ' " ; 

- As .^tated in the Introduction,: thl^" section contains the idea 

6t linear -ftpptfojCimatlon In ^Its sto^ J Only a ", >. 

• ^ ■ ^ ' ■ " ' ■ '■ ■ ■ ^-^ 

,single term ,1s omljted to obtain the linear appfoxlmatlon. ) 

• Indeed, the most Important Ideas are explained in. the fl^at third 

of the section'which , should be studied with greiti care. • 

- Some teaehers may wish to stress \Deflnltlon ■ 2-2 given In \ 

the ;rootnote. Our feallng Is that normaliy *lt^shouia. toe omitted 

^ --^ ■ ■ ' ^ ' . ■ I ^ . ^ ^ ^ ' ■ % ^ 

, ..on the first reading^. In general^ we believe that the treatment 
^ of limits should be kept on an intuitive level' and we, have re^ 
: slsted the Impulse to formalize 1^ except In a fo^otnote. 

The important concept of linear approximatlbn shouid probably- 

be Illustrated by further numerical iWor.k, =Fo^ example the /; 

meaning of \ - . . ■ ' 

■ ■ ' ...» , ■ ■ ■ ^ 1. .• 

,.* \ " V 2x^ + 'Sx + 4 ^ 3x + 4 . ■' , . . 

" nij.ght be made clear by showing that the- omitted term can 
. be- made as sjnall a frae|ion 'of' 3x as one, wishes by, takingi \ ; " 

I X. i small ehou^;^ ^. , ' • ' ,* ^ ' • * . 

'■ ' ■ . i4 ' '''' ' . ■ ■ 

, .can- be made-'';^ess then 0.001 ^ . in absolute value 'by -choosing ■ "» 

_,l -x I, :<[ 0.0015; ^ , ' / '\- . 

. • ■ ■ .4. it.rts ''impd^ant that the student understand thoroughly the 

' r-^f., ^, ■ - , : ■ .^v... .... ^ ' x .•, " 

; ab^oiufe- '^.arue._^nctlpn., defined ih Chapter 1. qhe*- graph' in . 

■ . -. ■ » ■ ■ ' 'v^ * ' ■ ■*■ ' ■ 1-^^' • ' ■'• *■ 

PlgUr& TC ''2a will help f ibc An'-mlnd ■ tlie definitlcm^ • ° 

^ ■ ■ ■ ■ ' h, ■ ' ■ ■ ' \ 



] 
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_ ;• I X \ = X for' X > O. 

! ; ' • ' V ' '« for' x <^ 0/ 

" • .whldh'ls equlvaleht tb the 

Which we shall ^ prefer, 



( 



l^B the present section/. *}iea.phly pr^^rty, of the 'absolute: ^al^ 
function/used Is ^thatf _ . . ^ : . 

V ] ab r - |ia I ^I bl " ' - V ^ V/ - 

This result Is an* . ;alntest l;nm the 'second 

deflnitlo^ Indeed- ' • ' - 



] ah ] = V (ab^ -= V^a^ti^ 



^h2. . 



^ > I 
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. Answetfs to 



: ".. ■ ■ ■, ■ 90" ' 

Seises 2 - 2a ' 



I' 



. 1. s(x) s f(x) 0. ^ ax'+'V 

" • ^ . ■ .3^ ■ ■■ ■■■ . ■ . 

' ' ■ ■ p ■ 
. ■ f.(x) = ax '4- bx + c 



Pages .iOO l;0'l 



fix) - c = + 'bx ^ + 



f (x) - c 



^ ax + b 



Slope of Secant = £l£Lzi^;« £li|Li£^. s (i) 

' ; ■ % X - 0 ' / X \ 




(a) y =^ 3x - 2 



(b) y = X + 1 



\ 













■ i 


















1 - } 
























1 j ' 
















































1 ■ ! ■ 

t % 

i i 




















L 






























i 






















■ . 








4 ; 












1 










1 


— J ^ ' 






' --4— 




,i 














— ^ 










1 

! ■ 




'-..-l-i--.; : 










f - --f= ^ 

-■ ---r--- ■ 










7n / 










1 ! . = 
t , ■ ^ 






























- * 








; \i ; : ■ 















ERIC 



^>7 



(d) y = X 













y 










i 















































































X 












































1 








- 






i 


















4 — =■ 

1 




1^ 










■■■ 1-" 



f (x) ^ bx + c near x = 0^ Error = 



Ca), f(x) 
(b) f(x) 





Error ^ 2xf v 

, g ' 

Error = *^3x = 



Error ^ 



ErrO'ip^ ^ -X = -0.000 
(dy : s(x) ^ ac 1 
(e) s(x) = -X 



V 
92 



'3. ^"f:Jc— 2x^ + Sx + 6/ a Sk' + '6 J Error .'=" 2}c^ ", 
; for 2xr < O.Ol^x^ < 0.0050 =4-|x| < >/0.0050 ^,0.07"' 



Answers to Bcerclses 2 - ^ ^ 

1. (a) y 7 - 2 at .(1, -2) (a) 



' Pages X05 







[y 
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! ^ 








(5 


,9) 
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1 




1-' 
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( - . . 
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/(c) y=3x + 14 at (-^.8i 



r 



r 
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( b)'^^^ Equa t ioh of 
'tangent 
, y " 6x 
y = 2x+4 

^ y- 9 



At pol^ 



(c) 

































f, 
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. * 













... 












! 

* • 










j' 




1 




' I 
.... [. 
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2. (a) y,^ •+ eh) (x ^ h) + f (h) v , 

' s If 4, 6 +'6h ^ 0 J ' h'i 1 and fiCi) ^ -2 

Range .f(x) > ,2 ' ' ■ 

(b) y = (6 - ai)(x - h)--^^(^]^::,,^^^^^^^^^^ 
^ if 6 - % a 0}* h; i 3 and f (3) 



Rang# f {xV_< 9 ' . ' - 
A) -y ^ (-5 - h) + f<h) 

, If : -5 - = 



■ - 'Range f(x) ^ 

, (d); y =-(4 + 2hJ(x - h) + fth) ' "^ 

If 4 ;+ 2h = 0; H = -2 and 'f J- 2) = 0 
■Range f (x^ > 0 
3. For f:X— *a^7 + 3x +. 4, we get 



li^^ - |.'' 'and 
1' 



)- 



^ ,foi^ graph '"f ^ 

See : \ 
JExerolse lb y|5 
^ /for graph ' ' 

■ ■ - n 

Exercise id j ■ 
f Of igJ^aph * 



See ' V'^'T^ 
acerGlse Id 
tor. graph 
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•| ■ ■ ■= ■ ■ ■ ■ , ■ , i I i . ii:- ■ . ■■ • i ,, - ■ 



(x ->) + (3 + 4h) 





V- 



^?h/f^''^ ' (W^;4h)l,% |2(xC H)| ^ 2|x - hi < e. 



^ Page ;109 - T.10 



^ # h , 



X - b 



-Lim §(x-) L a . 0 + 2aH + b = 2ah + b 



SJ' sfx') = 2ah +\ b ' 

" -^9^^s(x), i^.S^i^^^^^^ .2h,-^=^q^ ;wtTen h = 3, f (3)- = 2) 



(9,8) IsAa mimmum since a > 0. ' . 

(b^ |(x)' = 2(^5M+**'o « >4oh +*J0(=^ ^when h ^ 0, f(0) = _2) 
*(0, -2) is a, friaxlmuin sln^e a 0. ^ 
• (c) s(x) ~ 2(-.l^tv -ai + H= 0 when^h = 2, f(2) = O) ' 

* (2jf).i» ^naximum since a < 0. \^ 
(d) s(x)l= 2(-4)h - 24' = .m^. 24(= 0 . when h = -3, f(-3) = 



= 9) 



^ 63)| (-■3,63) Is a maxl'mum since a <. 0. 
;(e)^. s(-x) .\. . 2(4)k - 24 « 8hV-24 («>-t^en h -= Sy f C») 
.' (3,,»g) Is aj^ml'nlmum sin^e *a > ' 



(f )^8lx) = 2(|)h +.p.»|h + l(=0 when'h = -4,. f(p4) = 0) 



(-4,0) is a minimum sinq'e^ a > 0. 



ERIC 1 



■A-^: ^^■':--^^A-: ■. -v. b:y..9i5-*..< • •; • •\r ■ :^f'.:' -.X 



b - ^ 4ac ^ ;0 18^ the condl:blbn for - f(K)y^^.0 i,t<^^^^ two 
aqua 'root B . / The ;maxlmun^:OP; minim value of f /x ) will 
have to^ be zero, slnee the graph of., f will be^.tangent to 
*th^e x-.axjB. In addition the quadratic formula ' gave the 

- - ' ^ - • ■ ' • . . - : 

value of ttie two'! equal roots as 
But sinde , fe^ - i^ac = f (- = 5. 



If a > 0 the. traph of f (x)> = ax^ + bx + c opens upward. " 




No real rooti 



MlnimiM vaiue Is poslt-^e, 



,■ r 



Two unequal rpal roots' 
Minimum value Is negative 



;;f ; :.t;^; , W Slrtce' this occurs ^fien 



1. ^ 



;b - 6. 



I 



^i, ; . Boi* = Sx;^. a :tOva4ual . i^. when x e l,, o m k. , 

>^ ■ • ■ 

3 . le/.M^^^xtansion df >the previous mi^odB .t6 polynomials 
of higher degree, ^V^n additional property of the absolute -value ^ 
fui^c^ilon ^Is t*equlred, . Namely tha^ 




1 1*.' 










^ a 


+ 


■ b 






r 


J 



Again using 'the rfeftn-ltiort. 



= \/x 



thd^ ,ia equiva3,ent to, 
whleh/lB- equivalent to 



(1) 



+ 24b + b 




2v's s/l^s/P" + b2^-:-.\ 



and hence to 



or 



Sab < 



-J 



If a 1 and b have 



Now equation (2^ Is^ eaey.^o pt*ov 
opposite ^gns ^ ab-,t 0 ai^^K?^) holds, with tlfe ,< ilgn. 
Otherv/lse, vfe have^' ab = 



(2) 



Hence in^ any c^se 




and therefore (l)«iholds 



4, 



» (2) 
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6 . .?*=■ 



J 



I ■ 



i, - " \Ah'swet]^s ; to Exercises 2 









i© ll6- 


la) 






■ S ' . . 




■ i ^ 










tgnqent 




■ * 




-t. ■ 








■ Tx 










■■ 
% 






w 






The sketohes 


f or \,thi.s ©xer^se ■ 




ar^e not In scales as- 


this is 




the best way 


to show, 


the be- 




havlor of the function fie^^ 




the tangent. 
































(b) 




■i 


X 




nrt 




V 

♦ 



-2 



/tangent 



'^3 




tangerit 
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v> ' ^ iai.ix^L+ ibiixi , ; ^ 

h,ncf 1x4 < 1, Ix^i < |x|, . (if X ^ 0) . : 



% the ^rror 1 ^ -can be made as smali as we please by 

^ choosing |x| amall enough,. 
If we Wish E < then i^'e ^ must /take Jx|^< 



|a|+|b| 



•3. f(x) = ax^V bx^ + cx + d 
■ f (x) - (cx + d) ^ ax^ 4 bx^ 

m jL^iax + b) . • 
"t As |x| approaches 0, a»/+ b ap^oaches ^ slnce° 

|(ax + b) b| ^ |ax| ^ |a|.|x4. ' " 

If we' wish I (ax + b) - b| < e, " we choose ^ |x| < 



S.' •. • .. 



|a| 



3 2 ' 

ax, + bK has the eame sign as b for |x| 



■ ^ 



^ sufflclerxtly small. 



Answers t|| acarcls^s 2-4 . 

i. ^(a) Slope = - ai + 12 

^^ (b) Slope W - 15h^ '+ 15h^ 

(c) Slope = ^-3 + 6h5 

■ (d). Slope L + h^ 



Page 125 
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2- ■;bi ,= 

• (a) 



av 4 2aSi + 3a-h ■ and' fr, aA, -(!'3a,h / ' ' ■ ' . • ' . > / 

Slope ;^ 1. 12^+ 6h+^6h^ (=-6^en h;= -2, or h'=-l)' i"' 



(-2, 13) Is a*pelative^,maxlmum-point, " . (bg i^ -.9), 

Slope; = » lai + 3b 0^ whW h "* 0, or -h ^ 4). 'I 
(d, ^16) Is a 'reiatlvft maxliraam po\nt. (bg ^ _ 6) . 
(^i"-l6) is a relative minimum point'.' ipQ - +6). 



(c) Slope ^ - 12 + 3h^ (a 0 when h = + 2, .br h -2). 

(2, 0) Is a relative minimum =ppint . (bg =i 6). 
^ (-2, '32) is ^'relatlTO maximum point, (bg = ^6). 



(df Slope 



= 12 + 6h 6h^^(= 0 when h ^ 2, 



or 'h = 1). 



(2, 27^^B a relative maximum .point . (bg a -9), 
(-1, "OO is a relative minimuirt point. (bg = +9-),, 



'3. b, = 



b^ = 




ag + 3a2h 



,"3 

(a) 



= a. 



3 



f(x) = 2x3 _ g^2 ^ _ P(l^l) 

b^ = 6 - lai 4^^h - 0 
bg a -6 + 6h _ 

b3. =^2 ■ . . _ ^ 0 



Point of . Inf lect|ion 



(b) .f(x) = 2x3 . ^ J ^ P(l,l) 



- = _ 6 + 6h^ = 0 

bv, = 6h 



V 6 



Relative minimum 



\ - 
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12 - lai + 



^ 0 



'Relative max 



4. 



; \ _ 

% ^ " p ^ ^ +. 6h , = -12 ] not one of the three. 

s(xj « J. 3 - ;4h + 3h® *^K?;«^f-3 
, s(x) ^ 0 whe^ h = + i, -1 and h t 

Level polnt^ qccur at/ (^,1), (-:^,, |||)Van^ -3). 

The graph also goes through points (-2, '65, (0,0) and (2, 



4 



r 













7 










































-. V. 






_, — 


















































m 










































































1 








































* "I 












M 








1 


















1 




c 


■u 






1 










































H 
















-1 


:3- 




1 






V'. 
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■ • .. Answers to-^erelses 2-5 , -it - " Pases 129. * 

'! 1. (a). f,» :x-j^3 +• 43r ^ • . ' ^ ^ ' > - ■ ' - 
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(c) B» :x— *^-3 + , " . 



(d) hi :a— 

2. (a) y « X \ - ■ 

y = 0 ^ . 



« ■ 



. ' (d) jr ^ 2s - 3. (Sljfee eq^^iop repine ^nts a strai^t line. 
' (e) Point Is not on grkph^ Prdblem should r^ad t(^-3) (t+^)-^ 



(c);(o,o),,<|,.:|^) ' , 

(e) "Ifone, since ^ f •» (x) = 0 has ijo solution In ttoI, nuinbers-. 

. "... K ' . < ^ . 

Maximum and Minimum; f rob lems 
As p:^vlouCly, st^ed it is deslrable that some of these 
Dleme be bakfen up. Since the mos^ oif f lc6lt -part of. thfe 



problems be takfen up. Since the mosij oif f lc6lt part of. thfe 
problem mau^w.ell consist |,n;nndlng the function to maximize or 



1 0^ 
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s 2 



V ^ 4^u 

If V ' ^ ^( . 40a ♦ i 

J ^ w I 

Tii^ , ,i 



lU ^^U 
3 3" 3 



lu / ^ ^ 
iU .jV ( a liiliil 

3 ^ " " 

£7 



n 
3 



3 . i^' 1 i I y I L 



1 . 



i L 



8 ^17 



r+4 



v4 i 4 Lm 



la.. , i 



i . i i 



i i. A 1 ,.4., 
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0 



3 3 



1 1 



M 



( 



gth 



1 n 



til i . \ L 



k 1L 

1 J 

i O A 



^0 1 1 



-lb. 
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If each %lclc la — y itlua pqudi'fi, 

4 

1^. Area - (4 a) ^'Bx . i'liia lb u.-.t, a 



2 



3 



0 



1 



3 



4 



I i ^ 1 .. . 



1 . 
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4 ^ 

3 - 



J, 
4 



1^4 4 ^S. 



./ 



t' 't , t.llw^ will 
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^ ^ 4 3^y ^1+1 Slope ^ y 

ul ■ is So lliie Id y - t- ^8, 

y ^ i'^^^^ ^ V v/hen t Is 111 miiiutes, \ 

^ ^ i'o(^) - bU(t ^ -4) whan t id iii huura . 



^0 



oiiU n ^ iO 



(a) AC: y ^ 

(b) B0: y J 14 ^ 1^ 



puiiit (6, ai) 



(a ) AC 



(b) 



-2 




pollit £^ 



MO 



/ 



UX 1 

. 1 p ) 



h u V 1 i i a i i ^ 



1 pG 



^1 ^ 



7 
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16 « S 



^> . ' •. 1 ~ -'^ • 

. 01 r _ n 



II 



01 



■ .001 



- .01 
. 001 



>7x 



i 



i . X 



it , C J 



1 (-3. ; j 
3l 



1 u 



I 



l©9 



a. ^ = (2ah\^ b)(x'- h) + f(h) and f:x— - 4x + 3 



y « 



If \ ^. s, ' 

■ • (2.01 . e)^ _ .uQOi 



4x , 13 



X. 



^ If 



|x 1.1 



jig. 1 r:X- , ( -iU. t i ) f. 'J,/' 



1 

h I -J 
. 10 i 



A.I 4 h a I 



Li 



EKLC 



/ li 



4AC_ 




e primary, purpose of this exbralsti wae 'to hav^ tii^ 

Thl^^ could obtalHed/^b^ a brl^it student rA-uiii Ui^ 
3ec(|nd ©qvia^tlon, ^% Is l^^tef^estiiig Lu see that twv 
values akr^ be" ibtaiii^^i. /riii^^ »*a^d i^Jt 

3 2 

Ir X^A 1^ t A t V^Ji'ltw ^ 

X t ^ 

Wlicit IllU^it b v.. .1 .... I . A i ^sji 1 L ^ ( ,^ , ^ 1, i 

I i f ^) M \ ^ - ; ^ J ^ ■■ . I \ - ^ . I 

Wi-lk.^ I ... ^(a i.)^/ L(;. ii ) , I 1 , i 

^ ^ \ i ) . . \^ ^ . 4 .J 1 , ( A M ' 

4 



.4 , 1 ^ ^ 



'■i' 



111 



r 



b ^ ^ a b a ii I a 



b ^ ^ Q , Bu t LI i 1 s mtf aj 1 to a ^ u wh 1 c_h mean & t h ei t f ' , la 




At t t f 
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d . 88t . I6t^ . ^^^f d = 0, t - 0 ur M aecoi.aa 



d»v« 86 - 32t- 



11 



If d» o. t * 



. Answer, in ^ sWbnds, 1l will r^agh ^ n^i^iiu i la^^ 
It win hit t\ie ground la — ^acoud^ . 



f 



t t A I i 



4 ^ 
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^.If ti^-~^ i 3x ^ (x - h)'*. +"3h(x - n)^^ (3h -3)(A»h)+f(h). 



As the tangent Is y - {Zh^ _ 3)(x = «) + f(iiL, 
f(x) iM going to cross bills tangent lirie Blnoe eri-ur w 



depend on the sign of the Cuefflclent of (a h)' 



4 ic^dt 1 \i 


k, 1 >,i 


















irif i li 








-A i 


A J ) 












J. 


(J) 








ii 




J 


'( j" 






h 




J 


S i uu ti 




^ y 


( 


J) ' 




Pur A 


s 3 




1 I' 




^ 1 




3 






. i 1 i i . .. , 




1.1. d 








^ 1^ ^ 4J 






1 i 




i 


1 1 
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35. f IX— ^ 331 



' ^ *3 - " 3 ^ 

1 It L i o^. L I oi 1 



i 



2 ^ 



1 i L 



lw4 
i i 
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Illustrative '^st .^u&b^aiia for Chapter 2 

X. tfAnd a, Ifjiear runot^yn a , ^x) jsuch Uijit. 4, ana 

f(3) » 2f(4), ^ ,/ ' 

J li 1(^^ io^ iin^Qi luiiv. ^loti Liiat i ^ 1^ ) ^ ( ) 

^^^.liitb V/hu£^a . , 1 liidtefa £4a ^ ..1 CKfc i . . i ill 

i^i I . J i ^ - 2) , O t M t o) 

tl 4A J biia La. ^. 1 , i.,. i^, liiM Li.i. ^ i,, 

1 - 

U i ^Jf i I. w i 



f 



.J 1 , ... ^ 



I 1 



KliiU LI 4.. »k£Qli4« ,.1^ Lwi .fi . 1''" 



■ ' . . graph of f(,x) =,x"^ - 6x^ 4. 9x . 4 as either a relative' ' 
' " . maxlmxjm, a relative mln^^^i, or? a point of ' Inf lection . 
• ,. 11-. Pind the pGrints. on the graph of f(x) = 2x^ -'.^x® + .l8x ;- 10 

~—-——~Vfh&pe— the— si-op e-ts— 1~^- — >-—---—-— 



*12. Find an.equation of the tangent t^^he graph of 

■ f (x) ^ x*^-.-!. 3x^ - kx - 3 at Its pi^nt of infleetlon, 



♦*13. If a 36' inch piece of wire is out into 2, pieces to be .formed 
into a square and an equllatfral triangle, what Is the* 



ERIC 




+ ^^(x - 3) + ag(x - 3)« + agCx .. 3)3, 



maximum total area of these 2 figures? 
14, Ecpress the polynoitlal 2x^ - 5x^ + "Sx - 4 ^ the form 

as. Find the quadratle pplynomlal whose graph passes through the 

origin and which has a relative maximum at (2^ 3); 
16. A 1^1 ght triangle whose hypotenubse is 5 la ratated afcout one 
legVbo fomn d right circular cone. What Is the largest 
, volume;/ which the pone can have? 

Answera to illustrative Test Questldne-, - ^ v. 
1, x-^^f(x) ^ ax .4. b * fttt^ 

f(2j^ 2& ^ b » 3 , i,. • »■ \ ' ' ■ 

,f(,3)- = 3a + b = /2f(4) ^ 2'(4a + b) i.8a + 2b - ; 
' "/^^ If , ' ' 3a + b = 8a +'2b; ' _5a =b ' ° ' 

, , :' 2a - 5a = 3 -'3a = 3 — ^ a = -1 

and b' = 5. 

[ \ fix}^ 5 ' X , . ; ; ; ^ , 



12/3 



3. 



"^117 



f(.2) - ^3 -|(^ t b 
■/ " „ :; b = ^-6 ' 



21 



f(5) - f (?) = .5a + b - (,2a + b^ ^ 3a = 4 

: ■ 4" : - ' ■ ■ " 

Slope ^ a s -J. ^ • . 

(t2-+ t - 6, ^ 4.:t - 12) = (x, y) 

(x , X - 6J a (x, y,) 

and y,,= x - 6.. 



4> (-2) 

b - 3 

3 \ ^ 



2lc - (-2) 
k - 3 — 



2k +. 2 



■3k - 9^ i2k,+ 2 , ' 

k = 11 

a) f :x— *-f (x) ^ Sx^ - 2x + 1 
at (0, l) " tangent is 



y = -2x + 1 



6. 




























































































- - 


X 



































































































6. 


b) 








ly 


















/■ 
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X 





































































































b) f rx— (x) = 4 - x'^^ 

at (Oj' 4) tangfent iJ y m 
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1, f(x) ^ + 3x - 2 



tit \ 



Error = 



\ 3x ^ 2 Is tangent, at pol'ht (b, -2) 



If Irror la to be lesa than 0.01 



.4x^ ^ O.Ql 



8, 



X •< 0.0025 Answer, -0. 05 < x < 'p,05 

|xj; < 0.05 
.f(x) ^4 - 3x + 2x2 
:Let X = (x - h) + h " - 

and x^ ^ (x _, h)2 + 2htx - H,)*+^h . 
Then f(x)u - 4 - 3(x - h) - 3h +' 2(x - h)2 +; 4h(x - h) + 2h2 

' f(x) ^ 4 - 3h + 2h2 + (4h - 3)(x - h) V Q(x - h)2 
Tangent at (h*, f (h^ will be y « (4h - 3)(x f'h) + fth) 
For the talrttint to be horizonta 
4h - 3 « 0 and h.= J 



3 










y 






















































































































































































X 


















4 



















































9. f(x) ^ 2k + 3x - 5-^2 



f«(x) ^ 3 - ito = 0 



x = .3 



3^ = 2k + 3(.3) - 5.C^3) 



2 
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k ,-.075 



Ik' 



10. 



11, 



f » (X) ^ 3X^ - IgX + 9 ; ' , . ; • 

f«;{K)^ O'wheh x~ - 4x > 3 ^ 0 and x ^ 1 or x = 3 

f^««(x) m 6x - 12 at^l Is, negative , ^ ' 

at 3 la positive 
at 2 is^ero. ^ ^ 

So: (ij D) is a rplatlve fnaximum* 

(2,. -2) la^^olnt of Inflection. 

and (3, -4) Isfa relative riiini'llam. 

f(x) = 2x^ - gx^ + l8x _ 10 



6x*^ - l8x + 18 = 1 



, f«(x) = 6x^ - iBx + 18 
Wien does f»(x) ==1? j 

For 6x^ - l8x +17-0 

X would have to be liSaglnary. So there are no points 
■which the slope of the tangent is l-. 
i2. f(x) a x"^ + 3x - 4x + 3 



at 



ft (x) = 3x2 ^ 6x. - 4 
For f « (x) a 0, X = 



.6 ± j^F^ kB ^ -6 ± 



= -1 ± 



X, + Xp 

Point of Inflection = , ^- where x^ and Xg are 

maximum and minimum points . 
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(-1; (-i, 9) 'slope at- 9') ^s ft(il) 

y ^ ax + U through (-1, 9) with slope of -7 is ' ■ ; . . 

y.^^: -tx +-2- . ' ^ ! '" ' ■ '■V ■ - ■ ■ ' . 




Length of^ wire t 
formed Into /\ 



2-6^ ]^erelse 4, IftAs li die- 
cusaed In the Oommen^ry, ^ 
If X represents the piece 
of wi^e to be cut and formed in- 

' ^ - . ■ : ■ " ^ . ' ^ 

^to a triangle^ the area wlil be 



J3 



This gives a relative minimum 

Ai -^^-0. - - - : 



14. Let X ^ '(x - 3) + 3. Then " 

2x^ .-^xf + 3x - 4 = 2(x - 3)^ + i3(x - 3)^ + .27-(x - 3) +, 22. 
' == 22 + 27(x - 3) +.*13(x - 3)^ + 2(x - 3)^, 

15* f(x) m ax 4^ bx + 0 

f(0) = 0^= 0 . . 

f (x) = ax^ + bx ,,; 
f»(x) = 2ax + b pi 0 and 

-b = 4a or ^ 
, f'(2) = 4a - 8a,: = 3 
r(x) = - |x? + 3x 



" 2a 
b.;fc -4a 



=: a 



and-^ SLf-m - ^ so b = 3 
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Chacltei^ 3 




^Thie Chapter. covers material dn the solution 'of pplxrio* 
ralal agiaati^nB^ .uEHally ^in^ : 
algebra * It differs from tjie conventional treatments In- , ^ . 
three resBeots, (l) It uses somewhat more precise termino-^ 
logy and a greater amount ©f symbolism than is customary . ^ . 
(s) On the bth^r hand, the *treatraent of 

is more intuitive than usi^l. (3) For the /corapUtatlon of 
trrationai roots, Newton* s method has been used rather, than' 
Homer* s method. This matter iB-disouased more fully in the 
oomments oh ffe^iori 3-8^ ; . / 

Sotne historioal^ Inf d^tmatteh ;has bea Incluaed^in :the 7~ 
. text with detaj^led references to generally aooessible books. 
This subj act offers unusual opportunity to give the student 

an Intelfestlng and imderstandable introduction to the history 

^ ,1^ : ^ , ^ ■ .V ■ ■ . - : ■ - 

of mathematics. — * 

The appendix contains a section on the iraportanoe of 

polynomials which include B a treatment of the Lagrange^ i^nter- 

po lat ion formula 1^' This^ work'^is suitable for a longer course 



or f or^ superior^ students* 

* 

; 3^1, Introduction and Notation ^ 

This section gives an overview of the history of the 
problem of determining the zeros of a given polynomial. It 
also Includes an extended treatment of the use of s\inmation 
notation. - ^ 
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The summation spibbl is used to rep^*serit a pb^yhomiai^ 
of aegree n in abbreviated form ^ (See page 149 In ' 



this connection it should be noted that ^ .strictly speaking, 

1 ^ 



^Is not defined at x ^ 0» Since J however^ 



f "~e©rrtinuous 

by supplying , the point '{O^ 1) . In this ^ay^ by taking 

3c^ 1 for ,all X in the simmation notlitipn for Pj^(x), we 

include the donstant tem* ■■ . / 

The 2aro polynomial is said to have no degree. i&Bm 
page. 1530 This is consistent with Theorem 3-2 on page 157* . 
T^e problem invplved In assigning a degree to .the Eepo poly- 
nomial is suggested by .feeRclse in Miscellaneou,s Bcercises 
page 217* 



Answers to Exercises 3"1 



Page 154 



1. t (2i - 1) ^ 1 + 3 + 7 + 9 + 11 + 13 
1^1 ^. 

7 7 

- I 2i, - I 1 ^ 
, 1^1 i^l 

K ^ (2 4. 4 + 6 + 8 + 10 + ig + 



or 



-7-^9 



I 
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2. 



a) I <% - ft)' 



X25 ■ 



'5» 



1^1 



m 



n 



^ I x,^ - em Xi + 

n 



b) 4f m £ then" ran|^ J x. 

^ 1^1 ^ ^ \ 1^1 



n 



n 



n 



I (x. ^ m)^^ I U.r -pa X X. + nm^ 

1^1^..: ■ . :Xml. . ^ /I... 1ml ^ 



n 



S ) 4 2m n + ra n 



n 



* E(=fi)' 

1=1 ^ 



n 



2 fca^^ - ka^ + kag + kag + ka^^^ + ka^ 



k^l *^ ^ ^3 ^ 3 

p-1 



i3i 
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Subtraotihg^hf fl^'st row from the aeednd, we gati 

n-1 ... ■ n-l.;- . ..^s, ■ " ■ ■ ' ' ' 

E ae^ - E ar^ « - a 4. ar5 




^"^^ _ aCr" -1) 



1^ i r ' 1 



Loh, Subtraction^ Dlylslon^ l^ltlpllcation and 
Cpmpdsltlon' of Funotions ^ i 

f . . . . I 

This section shows how functions may' be combined to g form 
new f unctions. The algebra of polyTiom^als Is developed\ from 
the functional, point of view, ^ ^ 

Rational functions are men^lon^d only briefly (see page 
158) because of the ^problem of dl^^^j^^nlty which Is not 
discussed In this text,, A rational f^Kt^n is continuous 
at. all points except when the denominator is zero* Bit 
since the domain does not Include these polrits we say that a 
rational function is oontinuouB at all points of its doriain. 
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The comprehensive treatment of oofflposit3,on pf fwnotions 
is basic to muoh Of the remaining work of the oourse* This 
disoussion ibuld^logioail^^^^^ be plaoed at the end of Chapter 1* 
The decision to postpone, the treatment until this time was 
.somewhat arbjitraiy. The teacher should feel i^^^ t& introduce 



the, work on composition of functions at any time following 



Chapter 1. , 

. In the iaiustration imder consideration on page l64 
(top of page) the ftoctloh g o f is not necesBarlly the 
same as fog* i 




Figure TC 3 -2a. Point is on the graph of , g of. 
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- V, pigu^ |P(^3-2b . Point ;Xb on the graptf^f f o g. 

In . f ae^^ ,';the ftdmposltion of funotlons Is notA^herally commii^ 
tatlvfi, f'Af g^phleai analysis of g o f" aftd ^ 6 g will 
cldrlfyJbhls statement . , (See PlgU3^p'\TC3-2a arttf b. ) To 
gi|tph_j^t^e.: g o f given the gmphs oK^i;^ and 'g we locate 
the pdlft:ts. P^, Pg,, Pj, P^^, In seauentlal 03Pder where 
P^C3C;vf(x)) is any *^olnt on the graph of fj Pg(f(x) ,f(x)) 
Is the'flnterseqtloh of%ha 'ilrie - y a x and the line through 
P , whtch Is parallel .to the ;x-axisiM P-(f (x), g(x) ) • Is the 

- . k;:.;. . .. .. . ... . ..w.. m- . :;. . . ... . 

Intersection o^jbhe graph of g and the' line through Pg - 
tfhicit, is parallel 'to the jr^ixlsj and finally Pj,(k, g(f(x))) 
, is the intersection of the line through P„ whloii ls parallel 
.to. :^hp x-axls a.nd the line through P whlch*^s parillel to 
the, /-axis. The pqlnt la on the graph of g o f j 
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other points on the cuibve may be. similarly obtitlned*. ; « 

To sketch the gMiph Of fog i^e take P^Cxy g(x)) V 

-■ ■ . - . . • - • . ' . . ■ , . — ■ = V ' 

any point on the graph of / g and ©uaoesslvely looate ^the / 



and P^(x^ f(g(x] 



The point (xj f(g(x))) 4^ oh the gjraph of f o >g* 

^ ■ ' ' " - -i. - -J 

sPlgures TC3-2a and b plea^y show tl^ the oompdsltlon 

of functions Is not in general eommutatlye sln:de 



\ 

Graphing' a fuhotion. 



;>As we have seen In several oa see, the study of thrf^ 
^propirtles of a ftmotlon is ^of ten helped by a oonslderation 
^ of Its graph. ^ ; ^ ^ ^ 

. J If f(- x) ^ - f(x), the funatlon is said to be an 

' ^?<^dd" function and its graph Is symmetric With respedt to' 



ttJ?,prigln* If f(" x) ^ f(x), the funotipn is called 
an "even function and Itg graph ^8 s^nmetrlc with respect 
to thi f(x) axis. The gMg^h of a polynomial funct^'on can- 
not bf^H^^ymme trie with respect to the x-*axifl (except for the 
trivla4 case^^f "the zero polynomial) . 



/3o 



4 




erIc - /^^^ / 



■ i ■ 9*- ^^V all "l . f rom l to n ana .-^ 'v' i 

"■.'■>• v we will have avBdlynoinlai',Df\ degree less 

■ ■■ ' . : " ' ■ 

■: .-than^; -l. (Por dlfferfne^, change signs of -each b.) if ' • 

"^^®^ot^he-^stor-wl:l°^^ 



.Ah|gw#rg\tQ Exercises 3-gb. 

^xf^- 4- 4x 4''& 



Page 1:5,8; • .■ 



3. 



Vf4: ...Q(x)"^^r2ic7 . ix^ = 'x5 .- 5x^ - iSc^ + 5jq2 
■■'.■■v:;v. "lax - 9-_\; , ' ' • 

b) 3P<X;)^ 4q(x); ^, 15x3 - ^'.+:'l^^+:ix :/ ' • 
e) ,P^(x),',\q(x). = -25x^ - 20x5 + ifx'^ i lOx^-^ 

: ■ - ' ' ->3x ' 

a) . PCx^ :. Q(x) .x^ .^ ^7 -.4x^ + 5x5 + iac%ax1 

- .asxt- + 4x + 8 , " . , ' ' ■ 
■# P(x) + 2Q(x)-», Sj^ . ; ^^S ^ 2x + a :-- -y''^ 

Ml pex) ;. Q(x) . -acT,. ^,2 ^-i,- ^ r^J- 



* 4, 




4 ^ r 



a) The addition of pdlynomiaia Is eoramUtatlve and aebo-^.? 

raultlplloatlon of, polynomials Is: eolrautatlve and 
ssoolatlve. It Is'alao Mttrlbtiive' with respect ^ 
a:adltlon;^ under addition and Ailtlplloatlon the reSl" 

,^°'^^^l:^J^f^l'^^y these laws. , :Tl# ,^rules f 
adding and multiplying polynomials are .such th^t: ' 

these laws go ove^ to polynomial addition and multJ% 
plication. Pi' * ■ '' ■ ■ ' A 
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olses f^ge 167 

2)-^r(g(- 2)) - r(0) = ^ i 

= S(T(0)) - b(= 1) - + I 

- S(g(l)) = s(3) » ^ 5 ; 
) = (ffH3) « f(8) » t 03 

r (fg) - Sl..pt of (bf) - a . . : . 



X 



\ 



\ 

6. a)' (f • g)(x) = x5 V 

b),(f' . E}(x) .x«V« \ " 

The • operation Is not the same as o operation. 

7. a) (f • g)(x) = x^ - X - 6 



b) [(f • g) o h(x) ] = = ~ 6 

2 



) (f u h)(A) - X + a 
d) (fe w ti)(A) - a'^ ^ d 

«) [(r o h) . (b o h)](^) -^a'' - ^ w 

b, GiVeii 3 i-sai ruiiutiwiiS r . A-*f(x),/ -g , « ■ a^J^J 
h i A -u(a) ^ We wIbIi tu ohOV/ Lhtt t 

dlSuUBcsed for all x In Lhelr uomihon duniMin ) 
By defliiltion : (f • s)(a) - f(x) • 6(a) 

( 1 a,) ■ ''I ^ - ) ) ., \ • » ; ) 

- (i !.) (e ..) 

(I . , (I d 



ft . A . La « 



[f o (g + h)}(x) ^ = a(bx + ox) + 1 = abx + adx +1 ^ 
[(f o g),+ (f o h)](x) ^ [a(bx) + 1] + [a(cx) + 1] 

^ abx + acx + 2 

3-3* Evaliiatlon of p(x) at c. 

Synthetic division is presented ai* ap^^i i ua tioii 
tjEie distributive principie whiuii is efficleiit aad eaaii^ 
Justified* The proueBB here develuped isHitocd Xii computiii^ 
with maohinas since the only operatlonB required are succes 

^Iv^ mui L i |pi 1 aa L i ^iiis aud addiLiMiia x'ttWh^i Liiaii ial^lilg tu 



( i . . I li ^ . - I .... ' ■ " \ ' M i ) 



, O ^ i I . I I . i . . . 1 II,..- t . 
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f(x) - f(h) + (x - h)Q(h) + (x - h)2Q^(x). 

Hence ^ and = Q(h). By continuing thla pruceaa 

we obtain 

f(x) = f(h) + (x - h)Q(h) + (x - h)^Q. (h) i (x - h)\, (x) 
and so un. Tha required ^Iveu by Q^(h). The uwci 

ricIentB f(h), Q(h), Q^(h), ... (UiatiB, b^, b^ , t^g# ^ - ) 

Uia^ be rwUiid qUi..ki^ b^ DUUs^eSSivc^ SyiiLlit^ll., Ji^/iulUiiij ly 1 ^ 

For examples ^ to expand ^ - ja^ t ^tx t g in powers 

1 . I 
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* 

3-4* Remainder and Paotor Theorems 



In this aaction the remainder and factor theurems are 
developed as an outgrowth of the process of synthetic divi= 
sion. The remainder theorem ds appAled as a testing device 



Anewers to ^erclses 3-4 ^ 



(x - 4) or ( 3x - I ) aa 



and Ox' 



tj/'A^Ig uaa (a 
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+1 


-5 


-1-2 
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-J 


f I 
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-2 




i 
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U 




1 a 
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5. If P(x) - x"^ + 3x^ - l&c - K ; 

1 +3 -12 -K 

1+6+6 9I 3 (3 • 6) .- K = 9 

K - 9 

6. A 4A +13 -11 -10 -2A 

A 0 13 -24 14 (-2A -14)1 -i -2^ _ 14 = 0 

aA - 14, A - - 
i'( i ) - I -'{ t ^ 3 i i 1 14 « -a 

Zeros of a function ar-e looked upon as Bulutloris of the 

oflUaLiMii i ( A ) wl- ttU Lej.no Lely ao tnc 1 1 i'u L . , .iipK.nsii L w 1. 

seci.lons the dlsc^iBBlon la in terms of ^SiUu ai fuiictlons as ' 
roots of f(x) - 0, 



rt . t S W C . *j ^ 



ac i'u . i' u J.' I n«3 1. ill . L, it "ue s, " ) 
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P(x) » (x - 1) • Q(x) s (x - 1) • 0 = 0 and so x 

Is a zero of P. 

1 + 



d) x ^ 1 ; 



X ^ 



and X = ^ 



a) 


(0, 


-4) and (l, -5) 


b) 


(0, 


-4) 


c) 


(2, 


0) 


d) 


(2, 


0) 


e) 


(§> 




f) 


(4 


-5) 


&) 


2 < 





The itujJent should be %ncouragea to make intelligent 
gues^ea at th^ a©A'w0 wl lunoliui^. at llId liu*^ Mu..v4i,i 

Uatt aii Ul the^ 1"*^^ A ... hit* wQfhi.^Aii.i 

l*he r^r^I*wiiU o £i i lo L fe^U ^ L Li . e *^ i W£^^ 4 . . i 1 i y U 4/ 1 

V 10^ ^ ^uUl'ue u 1 lu^ I u 4 1 a i ,4^1 ^Luaautfi of \ai'ious ability:^ 



A n 4> ^ 4 



1 . i 



* 1 * a ) A - ^ , 

2. a) ^ - 

, . V .. . .... 



1 

2 
i 

2 



2 
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3. a) X ^ 1| X ^ 2, and x ^ 3 

b) X m x=2, x^3 and x ^ 0 

4* a) and x ^ 1 

" b) ' X s - 2^ X ^ ^ 1^ X ^ 0 and x ^ 1 

i^. a) x=-2j x^l, and x ^ a 

b) K ^ - 2, X ^ K ^ 1 and a ^ ^ 



i 
2 



x^^2^ x^ l^ A"^2 and a j 

0 /^ tti, ft— Eto i . w 1 L 1 1 C. S ^ ^ 1 . 4 M I / i i v.^ . ^ L 6 



^ V - 140' 

An intelligent guess at the zero of a polynomial and ap- 
plioation of the LoGation Theorem will enable the student to 
calculate the zero to any required da^x'ee of aaouracy. how-^ 
ever, the pi^oedure lead tu t^aious, invwived ooiuputatii..** , 

Answers to EXex- claea ( tA^^ 




I 

1 ) 

fe.) 



P(x) « - 2x- + 3x - k. ^ 
&) Ho) « - k and P(l) ^2 - k, 

Fop, - k and 2 = k to; be different in sign, 
must have 0 ^ k <.2^ since, if k ^ Oj both 
^ k > 0 and 2 k > 0. If k > 2^ both - k < 0 
and 2^- k < 0* Another way to eea this ' is to graph 

^ k and y^^ - 2 k. When buth y^ and 
are positive or both negative we cannot use that 
value of k. ^ut when orxe ^ valua is aLwve tha 
k-^axis tttid the Qthsr Is beiww, wa havc^ a posi^ibie 
k- value , 



,V = ■ 1 " " ■ , • ' ' ^ . 

3-8/ Newton *|S Meth od 

The objective of seotioiis 3-q uhi-uugl^ 3-0 is to develop 
theoretical an4^praa tlcal methods for rii^dlTife ^«'us of functions. 
It Is possible t^ubtaln an approxlrnatlon to the zeru(a) ur a 
function for Inspection of the graph. horn^r^B m«thud 
Bometlmea used ^ to df termlue zex^o^ df a puiynumlai a.^i.^.d 
d,eBx^ee acuiu-^v^ , Uw^.v^r in thl^ i^j^i Nt.wtu*.«.^ iu^tn^a h^^ l^^,. 
selected for several reasons i 

It liiuatrates an ^p^il..^ i i . yiop^ 

dlscuased In Ch^ptej. 2*1 



£1 it i.as the advai. i . , i I ii ,i . i . . ^ . i . » 
3. ^ It usual wOv^^iB^^> lii- . uL . 4 . a M 

t i . i , - ■ , 1 1 1 ^ , . 1 , 

^ D t. 1 t ^ L . . . 1 ] ^ ^ ^ ^ 



EKLC 




Figure 3--8a Using ' fft;^alg^l^ line .iwterpo^lation to locat?e 



Li 1 U k K/y/ { i 



. ■ . 

I i . , 1 i * . . s . £ A k f'^ u , ; t i . . t A 1 43 i / 1 1 . . . 1 i 



X 
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approximation is ;3 + 0*5, - 3.5. ..J^e may line 



interpolation mgaln (^^ee Plgura TC 3V8b^^ :to obtaih'q^^ 



Thus 
t 



qp/((j.l:^^ 3*3/3*^^ 0.97 or 0,10 and our sedgnd atraigiT^ l^Ln^ 

approximation j^s. i3. 5 + 0,1 » to the nearest one- tenth. . • 




Figure TC 3-8c, A portion of the graph of x — ^2 - 2x.^+3x +125 
' In the "interval. 3*5 <^ _^ 3*6* 



fl 1 



ERIC 



lit a favorable "Situation v/lth a' good first approximation 
Newtj©n's. process works for polynomials ^ and for other contlrtuous 
functions,' Under certain c Ire urns tanc.€S the method may fali to 
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x-axls gt Xg and the ,tangent'kt" (xv, p(x^)) rafets ttie s^axls at" 

Xj^^ sucaesslve appro^lta^tlbns ,b/ Newtrfn'B rfethoA fluctuate ' .\ 

and forth, between x, and .x . (See gsj^ample in -Flgurte m.-B-BA. ) - ^ ' ' 




sure TC ..3-la, Successive approximations' bjr filwton's method 
_ fluctuate back and forth betv/een x, ' = 1 and x = 3 



lit 
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-J^Ma-j oa o Q tt-drfl-^ppay^'tl^-toytr^^ has ■ 

$: point of Inflection between x^^ and Xg. Successive approxtmatlons 
by Newton's method toy act get worse, . This is lilustrated " . 

■ in' Figure TC ^3--8e'. ; ■' ■ • . 'x V 




Figure TC 3-8e., Successlye approximations by Nev/ton's' 



method may actually get worse. 



■A 
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Here again i^ should' jpe notefl that the curve has a point 
■ of Inflect ioit.-iiJ the' interval' fx^, x*g]. In such a case straight 
line' ihterpolat'lon may be used to giv^ a ^atlsfactory first 
appro5|lmatlon to ;the root r. , ' ' 

For further discussion of the error%nvolved the teacher may , 
pefer' to aeorg^ B. Tho'|as, Elements of Calculus and Analytical ' 
Oeopetry , A^dlson-VJesley Publishing Co., inc. 1959, pages 165- 171. 



/5a 



■J 
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Answeyfl to Exerc Ises- 3- 8 



Pages 204-205 



■I', •-'ft .x-^x^'--.2 = 01.. f (x): =,2x. .\ . 

m "^^^n^ •¥ K The first choice of x should , \ 



probalDly "be x^^ - 1,5. 



+ 1.1 = -.0833 +; 1.5 = r.4l67 



Xg m ~*Q|JQ|p9 4. 1.4167' s av4l42 which checks with tabla^^ 



value of vl" = 1.414 



2. X - + X - 4 a 0" 

^Xj^.-^- 1,562' 



y -2.562 

- - ^ ■ - -- 



■1 . 



-i» by formula ' 
-1 + 4.123 



2 

-1 - 



-1 - 4,123 



= 1.5615 
-2,5616 



3, f(x) = x^ - 12x + 1 / . "> \ 
x :% 0.083 : , • for f(x) a 0 Yf(O,083) = V004 + , 

": 'V . ' :lf(0.084) - -,0074 * 

4, 2.1 Is- much closer to the secant Intersectlori^ ' x ^ , ' 
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^ "3s^7-^gOrilplttX ^eggg Of^lytlOmlalkrTJuntber of Zeros # ' 

I: In this section the treatmont bf zeros of polynomials Is ;• ■ 

' extenfled to the oaBe where the Goefflclents of the polynomials 
are complex numbers, (which may be .real) . fundamehtal thebrerii: 

6f algebra (that every algebi^lo equation whose coefflcleh^ are 
complex numbers has a ■BOlutlon which is a complex humbep) ,is 
InforralLlly developed. Illustrated and discussed. ' " 

^ The set of zeros pt ^ ;; is J;|ie_s^^ the equation 

P(x) ^ .0. If we set ^(x). ^ 0, the solution set^'ls 
(Vj^t rg, rj^] where k ^ n If the multiplicity of eadh gero 

Is M, and k < n If the multiplicity of any zerb (that Is, of 

•4ny-P^~ls-sreatep-than~A^ ■ — ^M' . , — — — _ 



..The agreement to count the roots of Pj^(x) « 0 (or the zeros 
9f Pj:j(x),) In the 'manner stated: In the text' is purely a matter of 
conyenience,. It enables us to say simply that any equation of 
degree n has n roots. Strictly speaking we mean that P (x) 
may be written as the product of n^ -linear factors (not all of ' 
jtfHlchneed be different),. J^om the point of view of set- theory, 
the solution set for \{x) = 0 may very well contain less than n J" 
elements. This notation should cause no 'Confusion slnoe tfte sum 
of the multiplicities ^f %he zeros of P Is ^n. 



* I 
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Answers "CO Exereises 3-9a'^ "^fa^s 20g-2JLQ ^ 

_ : " " — ■ I ^ 'Tgk . . 

1, [X - (2+l)][x-(2.l)][x-l][x-(3-ai)]t.X-(3^^^ * 

; ■ ■ ^ ' . . . ''^s r ■ ■= .... " . .r'^w. I i ^ 

. ^ (x^ - 4x + 5)(x - l)(x^ - & + 13) ^ : ' ' / ' 

^\(x^ - Ite^ + 42x" - 82x + 65) (x - 1) 

x^ - llx + 52k^ - 124x^ +^^^73t - 65 : 
' " : . The ooefflelent of x Is -11. The Bvim of th^ gbros la 
1(1 + 1) + (2 - 1) + 1 + (3 - SI) + (3 + 21) wHloh Is -ftlBO -11* 
■■^■^ 'r;:lhe constant term Is -65, The product of the e^i&s Is ^ 
5 (2^4^ l) (2 - which Is 65. Th# product 

Is the negative of* th© cortBtant term* 

2. a), x^ (g 4- 31)^ X ^ a - 31 . : - 



b) [x - (2 + 3l)][x - (2 - 31)] ^ [(x>2) -31][(x-2) + 31] 

m . x^ ^ 4x + 13 ^ 



or 



2 



b) X ^ -1, X . or ±Li|^, X = +^ |A^ 



or 

9 



+1 1 t/3' . ■ , 

c) x^^ g/x . + p ; W K ^ - or 
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d) X ^ +1^ x^ -1^ x ^ 21^ X ^ -21. 

e) X ^ 1 (double root)^V^2c - +31, x — p^31» 



• » 3, - --*-* 
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% &t3ftg-eiH?hep- ^ft 1 tihe p r uufa . o f T heogem 3^ 7 a s;a mod eJ L^ t wo — 
'proofs may be shown. Only one is glvan hers, . V 
. Olveni. P(a + b y^) « Q ^ a and b are rational numbers, 

Prover P(a - b;v^} ^ 0 , . S - V 

Proofs Let S(x) « [x - (a + b v^)]Ex ^ (a - b y^) ] 

> [ (x - a) - b Vt] [(x - a) b y/ff] ^ 

. ■ , , (x;- a)^ .-..ab^, . ; ':' - ' ■ 

The cpefflcl^nts of 's(x) are rational. If P(x) is divided 
. by S(x) we get a quotient a(x) and a re^ 
" bx ^ k,^^, ,p^ (but no greater) where h, k 

-rri't ■ — '- ^ -■ ~~ — ' — — 1 — . .■- - - : ■ - - ■ r V '- ■ — --i- 

and all ooefflclents of q are rational, Thus, . . • . 

p(;x). ^^s(x) . Q(x) + .; v;;":::^ 

This is an Id^tlty ln,x, iBy is^^B%&%tF{'k% Q 
and from S(x) above S(a + byi') ^ 0^ so we get, , ' ' 

. ^ . ■ ■ . ■ . . . « ^ * 

0 ^ 0 + ha + hb + k. 
If hb ]/S is not zero we Jet , X ; " " : ^ 

' "- "^^b ^ where h, a, k and b are rational-, • 

rt' *' ' ' ' - ' 

which Is l^ossible, . ' > 

So hb ^ = 0, and since b 0, h^^must , equal zero and 
^ ana as a consequence k must equal zero. Therefore ' 
P(x) = S(x)-(Qtx). 
Since S(a - b = 0, it follows that 

P(a - b v/? - 0, . ■ q.e.d. 



- i. 



■f 

= ^ ^ . . . - . , . _ . - - ^^^^^ , , = • . . 



'07 



;?■i':h■3*^''';•^ (3 + 2V?)][x - (3 ,'2 v^) ] « - 6^^ 



1' i' :* - ' -a''%b the proof given in answer to Ixerolse 4, with 
^'fi't;/;V'!\''W' . will be correct. 

^y'J\fe^»'; « f'.'-i-h*/-' ■ . ■ ■. 

;vl,'.<^l^'i;vhy!;v:^';^^^^^^^^ a + t there is no comparable theorem since 
■:!fP:^^V:^l:S.^^i^P'^^ is rational and there 1b no conjugate surd. If a 
^V'>Vi''''' -'?Wf''lilre that m Exercise 4 Is" attempted It breaks 

ftfx^.vV',/./ ,.">;■ . ■■ • . ' . ■ ■ ^ 

',:i';V.'';^I.7'.v ;<|owti because at the step 



m5 



'/iC ^. substituted for 2 both sides are ^^tlonal and/ 
' / tl^e' Gont rg dlctldh ^ >ap^ded I n the proof doas not appear ^ ^ 

o//,'; AngWerB to - gxe i ^^-lla^/' S^g ife^^^^ . . , pages 215 - 216; ^ 



are' tjrii^aWe'i'<;i(^>-i. . \ 
. e • are Stable, ^<^?>•■.•^ 

- aW^o'f ^dutole- toc 
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; :v ", c, - d and 

&) ~ 3x . i-Al\:^y''x''^%i:,/kti^^ and x' = 2. 

' ' tSrd degree -i-' -3' ro'cjt^ 'C' 

• , 3 ' ' ■• ■ ^ • • 

_^ ■ b) X 3x + 2 = "'Qj "st^i >;|v iLoubls r^ot'^^.K » -2, 
" ' ■ ' 3rd degree — 3 Ed<^S'*' -'-s'."' 

c) X + 5x + 9x- + 7x + 2 = ipi .:X;,t/-lv ,t3™|p^Je root and 

4th degree — 4 roots;' ,, '\: i^'T-t'- ' 

d) X + 2x5 + 3x^ -h 4xl'+;^3x^ + 2x''-+/3,,'=^St> V£>o0ble roots s , 
6th degree —^6 roo|s ' _ v.'.^Ix =, 1, x = -1- 

e ) k - 2x5 + ^ 3x^ - -jfe&f ' 2x •■^\r.;^^1tJ ^Double roots : 

6th degree 6ftroots > Y , • X'x- 4 i, x = -1. 



■ ■■; \ ■ ' . '■. 

ntmbers ther© is a theorem ©s the fact. 

A peei'tatlon of exoeptions f ollows i 

a) 2x ^ 1 0 has B; root not an Integer .^^ 

b) X ^2k^ 2 ^ 0 hBM VQotB ridt i;atlonal# 
o) X + If'p 0 has Imaginary pqots. 
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d) Ix + l^^^O^JflhaB a i*sal root. ^ 

r The Students p^iftt state; that the Fundamental Theorem o£ . 

. ^ • ■ ^ ^- ■ ^ ■■ ■ ^ .V :■ - ■ . ^ . ■■ - ' ^ 

Algebra would require a oomjplex ^ero for ^ equations like 

X +1 ^ 0 and ; x + 1 ^ 0* If the^tudehtp have used 

De-^ Molyre* s Theorem to f lrtd roots of complex numbfrs^ they 

ml glvb p oint out that roots of ; 4gmplex mjnib e^ ^^pr^AQBffilgx ^ 



^ number's # As a matter of faot-, complex powers of oomplfXt 
\ numbBrs aM roots otf'ieomplexrmjmbe 

nothing more oomplloated than toc«nplex numbers* 4See Fehr> 

Secondary rfathemat los ^ ) '''^^ ^ . ft/ : . 

Answers to Mlsoellajieous liderglsig of Chapter^ :3 7^ ' Pages 217-2gg#! 

l'* The better studfht should ^fecognlge the quantity in 
^ ^ parentheses" y ate/ a Eero of the geheral quadrat lo si . 
f >x— •^ax + bx + Therefore^ when used in place of x 



we should get z^ro# 
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*g. (A + ae) I m A L 



n 



1-1 



n.X + Bx- 



1*1 



n 



1 > 



1^1 



n 

I 

1^1 



I Ba^x 



1+1 



it-'. 



■ & ' 1 ^ • i 

1^2 ^ 1^2 



n+1 



+ Aa^x' + BauX 



.n+1 



^^/^;•?■V^^■'iJ;v-^:■'"^:'i'^•^•l■■• ' 
1^1 



+ E x (Af,. + Ba.. J. 



*3^ ' ^lf r5*'^i^^iM:|[> n2^ + 1)2,, then uskng.^, - 1 



we 



*4, 



have. . I. f (l}:.i (ri^lf)^ 



1^1 ■ fi.. , ,,.„.„. 



subtfaq^lrig, ^e^- 



- - [.(n+l) + (n-l>]C(n+l)-(n-l) ] 



f (n) =; te^; 

■ - 



100 , 
4 E 1^ = 
1^1 ■ 



- 102,010,000 



100 ^ 

I 1- =^ .25,502,500. 

1=1 ' = 



ERIC 



I (S O 



. ;.:P:Qr ^eal values of, x, (x^ - 3)5 can rtever be negative. Thts 
' * , means P(x) has a mtnimum value of -14 , (x^ - 3 )^ cari have 
' . , ,. aSy ppsltlve value, so P(x) will have the range F{x)i ^. -14. 
Another way^ lp tOv Jobtaln the giros for F' (x) . They, are 0, 
y^, - Zero tuj«nB out to tee a relative maximum, 

anS - produce, the. , same mlriimum va|W «14 , : Since ,! 
this graph will look .l^ic^f^ihe ^^1^ ha.^valuetf wlll^«)ccur . 

■ ^beloi^i|§.4i' . ' ^^^'Z ' . Vv^XAfoL " . - v. ' ' '''-.y 

*6, i^^aisifttr "Theor 3^Sy ' DjerioiiB- the ^^d^ of the zero '^ ^ ■ 

■ppiyrioraiai^^ k. Either P or Q or both may have degree k, "" ^ * ' 
V- ffi'-'both, m get k'+ k ^ '2k' m!^, " ' .s- 

f-^ . If. orie, we" get k + ,n'^ k, ; ■ , , ;;. , ' f,, • ' pt^: 

miere is no real Value of which aatlstles b6th of i^ese -* ■ 

equations, > This combines with the result in the text to * ;v- ■ 

■■ . . ■ ^ V / • ■ ■■ • ■ ■ - . ' V" . . ' ■ ^ ■ 

show why the zero pdlynomlal does not -have a degree 
assigned to i!t, ' * . " " 

7# a) lither rn or rm whichever Is largest will he the " . 

maximum degrees v ^ J ' 

b) Either rn or sm whichever Is th^ largest will be the. - 

maximum degree .-^^ 
e ) rn + sm, ^ ^ . ' \ / 

8. The degree of R(x) would be n - "tn. . 

9. a) P(0) - -.1. 

b) P(l) = 3* . ^ : . 

c) P(a) ^ 45, : '" . ' — 
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' 'if .■ 



■J 




, b) p(-3) = -ak. 

n. a) P(0)^s W 

a) P(l) - -7 '+ i-' 

, b) P(l) - 0.. . 

' o) P(iv+ 1) = -6 - 81. 

.4) P(l— 1) - -2 + 41. #- 

e) P( -i + 1 ) ^ + 



*,13* Studen"C's assigned "this problem should be warned' not to 



expect a unique pblynbnilal. 




PgCaeO &Q + a^x + agX^ + agX^,- 






-- -5. , ' 


P(l) aQ'+ + ag '+ 


' -5. 


P(>-1^ = ag - ^ ^ " *3 


^'-11. ■ 


Adding the last two, wa get H 


h Sag's -l6, but 



' ap ^5 so, Eg - -3, 
Subtraetlng In the above twoj glvee'^us 

' 2a^ '+ Sag = 6 . 
So, = 3 - a, or a, = 3 - Et . 



. b) PgCx) ^'-5 - a^x .- 3x^ + (3 r a^)x^. 
or -5 - (3 - a3)x - 3x'- i- a^x^. ' 
a), P(2). = 7 - lOa^^ or -23 +..lOa3 ; 
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a ' 



.:. 



15. a) . X - X + 3 + 



x-i 
1^ 



b),; 27X'' 


- 18x^ + 


a) [(a- 




-[(a ^ 


b)x2 , : 




b)(x2 






* or 


ax - 



32 ' 



xCa^ - b^) + (a^b - ib^ j ^ 

(a + b}x + ab)] , h- (x - a| ;^ K/ / 
a) (x - b) ] ^ (3tf-a>; (x^^O (^-to)) 
ax - bx - -ab b . ■ \,y- 



1 ' 



17. 



b). [x^ - (a + b % o)x^ + (be + ac + ab)x -^ abc ] 4- (x^ 

[ (x - a)(x - b )'(x, .. o ) ] 4- (x - a) - (x-i) (x-c) . : or '\ 

. ' ■ ■■■'V'.- \ X- w x(b +. e):^ + bo,/ " , ' • . 
Slnqe P^(a) = 0 by hjfpothesls, Pjj(x) Is ©xaetly. divisible 
by (x - ia) or' ' i * 

If now X, = b, * - , % , , 

^n^^^^^^. "^5* ^(^^ whloh Ig equal to 0, 
Slnce^ b y a, b - a ^ 0, therefore Q(b) must equal zero, 
.If Q^b) ^ 0, ItMs. divisible by (x - b) without a 
remainder or 

,, q(x) = (x - b). R(x) and so, 
' .Pji(x) = (x - * (x -- b)« R(x,), 
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n 



P (4c) or - a" is; divisible tiy (x - a). If n is even, 
#^(-a) -.(-a)P - a" - ("li^'Ca") - a."-. Since if^ven/ 

^n^^^ ? "• ^® divJLslble by (x + a) when .n If even. 



19., P3(x.)'.^ K(x - l)(x - 4)(x + 4).^ K(x^ ^-^^ -'iSx + 16) 



PgCa) = K(,l) ''(-2)(6) = -12k =„-l6 or ' K I 



P„(x) = 



4x' 



4x . 64x • , -64 



*20, To prove: P(x) ^ (x - a) (x - h), a ^ b , will leave , a 

V . ■ ■ ■' ■ ' ■,. .i a - 0 ■• - .-A ■ , 



rjl Hence, the reTnaindf|'''is 



/ 



P(x) = (x - a)(x - bjQ(x,). + ux + .V 
■ P/fa) - 

P(a) - P(b) - . 

aP(b)^- ^ 

'a?(bi)'^ bP(a) p ■ ' " 



ua + V 

ub V ' / / 
u(a - b) ' 
Vab av / 
uab by i 
v(a^^ b) 

^ ^- aEte bP(a) 
a '- b 



fa^C' p(&) . P(b)1x + aP(b) - bP(a) 



A. 
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ation In wiileh an apparent slmplif IcaHon 
e difficult, ThuB, when b = a, the ' 
0 becomes ^Meaningless and the method 

down (there being only one equation ^ 
on of u and v) . We shall proceed 

- a)QT (x) + P(a) and 

' ^^^^^ * ^^Ui I ^(^K 

A - 

GuL Ulis ..i* fc^ii Lw L,^ ^ {l.) 









i6o 














* 


0 . 
















iag + Sag m ^6 






»» 


if 

.jj^y . . ^ ^ . 




9% +i^27a3 - -6 

ag .+ a^g - 6 . . . .a 


J 




■ 


*^ 




2a^ Sag - -.18 




5 
k 


V 


t 




' = 5 


iff 




"I 

1 


* 




'- -24 












a - Q , 








4(x)'a fa 4 d'DJ^ c'^ia" I :ja . 






23, #) 


P(x) ^ (x 2)^ = 


m 








Zerua ^^re aw, 






























No pOiiit^fes wf 










.t 


As 1 A 1 la i 




t'{j.) 1.1., 

















1 * i 



^Qlnt of Infleullun IS bt (^\U/. 
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c) P(x) ^ (x.^ 2)^ 

, * ■ §^ 

Zeros kre*at x = 2 (4 roots). 



0 



A relative minimum docurs at (2jb)« 

* ■ " ■ 

? No point of Inflection, 

For iB^rge- \Kf, P(x) .behaves like x , 

d) P(x) ^ (x - 'l)2(x f 2)., , » , ■ 

J Zeros are at x = -2 and- x ^ 1 (doubit! i ^ut), 

A native ui^iimim Ouuui-s at ( 

A pOiliL wl iiirisut lOii la iu ^) 

^ root ) 



A r^lai i 



3 
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A point of inflection occurs at (2,0). 
As,|x| gets large , p(x) behaves like x^. 



a) *f(x) = x|5c|; 



A t 
i ) { ,x 1 J ) t n 

[(a 4 i)(x 
( n , , H n ^ 
i ^ „ , 1 ) , 



1 A 



2 b 
2 I 



(x) . 
■ (x) 



b) ffx) = x^ Ul 




J - J , ( I i / ( 



0 



M 1 » 
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*28. 



a) No Vralue of k since cubic polynomials will always 
have at leaBt one real root, (imaginary roots must 
occur In palrB,) 

b) For k > -4 or k < -5, 

c) For -5 < k < -4 as we show below. 

First find P' (x) = 6x^ - l8x + 12. P» (x) = 0 if 
X = 1 or X = 2, P(l) = 5 + k and P(2)*= 4 + k. 



/ 



p( 



I , • ..11. J 

lit • 1 ill I \ / L 



s . . . ) 



1 1 



3i 
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32. The conjugate of a funotlon is the function of the ooiijugate, 

a) P(2 - 1) = 3 + 41, 

• V . b) .P(2 + 1) .- ^(3 + 1) - (3 - 41)(2 - 1) = 2 - 111. 
c) ^P(2 + 1) . Q(3 + 1) = (3 + 4i)(2 - 1) = 10 + 51 

33, If complex coefficients are permlttedi (a) 3; (b) 3; 
(c) 3. 

34* If coeffiGlents must be reals (a) 4; (b) (c) 
3b. a) ^ r lyA - i^f. ^ 

b) A ^ ^ t l /X i J . 

3o , Tm LuLiki a yiiUiii 1 i iiawiii^ ^ , J , . „^ . . ...... i 

( r ^'3) - O Now 
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i t / ^ - i . ^ ^ in I . ^ 1 



q 

I - 1 But. . A 

/I 



or 



£.1 I 4 



4 



S 
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a) (2 + v/!?)'^ H- (2 - /J)" ^ ' ' - * J ' 

+ :2"-' (3)2.+ .... . ;. . 

[■ ;2" . n ^.aP^l^;+,Mn=M. gn-2 (^)2 .\,^. 

• ._ ' ^ * • 

Thie even numbered termf of each binomial expanslbn i 
add oul;, s;o all irrltlp&li, are eljjnli^^ 

b) In this expanslGn, -the rational trnwrns add up to zerd 
and the Irrationals aye left^ • 

■it »! 

The ,fou^^ terma of ttje s^quenoe aan be shown^ (by sucoeaslva 

- - ^ Q 

dlfferi&naes) to be of the form n 4 1. The polynomial 01^ 
least aagree la n ,#1. Any polynomial which will have ^ 
term which ^t: 
added to n~ 

t^. 1^ 




^ars at n ^ 1, 2,, 3/ or. 4 ■ will, when 



arAxaimited member of polynuml'alia* , 



imbe^ a or pMlyiiuiulaiy , V 

z^vas of ^ + 73f4 + 5> find' a poly-. 



noinitti wiun'^ros ^ 1 b # and c + To thl^^, v.^ 

it 



i3u L 



wan^.Q ^(^) having 2.^L^m iw^- ^> a. 

iuu we LlioW .^fe Dw, ^^^^^^^M'^'^P ^ a^4u>^., Wfc b^4.butl tMi.e , 




ui^lng 8 to ellmir^^':^;*actlons,*w^^^ 

• --^ 40- 

/ s 3 fSS" ^ ' 
P(x) = x^ +;^ptfr- 2ac + 53. 

This method c^.^p3-y be used when, every zero undergoes 

exactly the saj^^hatigev 




ff 



f 



/ 



EKLC 



• _ 167 \ 

IllUBtratlve Test QuestlonB for Chapter 3 ' ^ ' 

25 25 . 

*1, Evaluate J k(k+l) - £ k(k-l). 

■ — k=i '-.v -itea ■ 

2. Gl^en Che functions fix — »x-2, gix=-*x^ - 2x- + 3x - 1, 
-^nd hix— ^x^ - x^ + 2x^ - 3x + 1, find k(x) such that 
[(f-s) + (f-h)] ! x^=^k(x). ' 
•3, Given f?x— »p3x + 1 and g.x=^x- - 2, find (f o g) - (g o f). 
^. Giv^ fsx --^ -f (x) = ax + 1 euid ^ix - s(x) ^ - i. 

Tlnd the aoIutJLun set ui' tlio equatiwii (g u i.}(a) _ u_ 
::). Olveii x .A -jx + ^ aiid ^jx -* dx i k, iind tijt, vaiuu .a 

ir i-Cx) .. x^ t iiH , iO, riiia , ^ 











^) 


(- 






") 


(/^ 




o 


J) 


(a 


1 










^) 






; 






Ine 






b) 




i' 


1 a 


) 








J) 














. t . . 


til. 


.a u 1 


1 





I 4 , 



■ = 168 , 

11. Find the root of x - 3x + 1 =^ 0 between 0 and 1 correct 
to 2 decimal places. 

12. Using 4lewtoni s method J oorapute the real zero of X""^ + 5x ^ 1 
correct to 3 decln^l plaoas. 

13. If P(x) and q(x) are polynomials with real cofflclents, 
such that P(2 + 31) s 1 ^ 1 and q(3 - l) = 2 ^ 1, evaluate 

^ [P(2 ^ 3lOJ[a(3 + 1)]. 

14. Olven the equatluii (xt 1) (xt-^)" (At 4) - (a t i ) (_x-t ^ ) ( Ja t 5) , 
tabulate the i^ota and their muitlplialties, 

1^:), Form all ^quatloii mliiiiuuiu ae^i-e^ havii*^ Liiti * .-..Lm ^ ^ 

a) CwmpIfcA 

b) real. 

i G ^. K 1 Lid qUw L 1 ^ 1. 1 , v.i r^ij, » * . . - i . . . . . . . ^ , ^ 

-i , t'liij Lii o 1 L . .... .... L . , 

I A I 1 ^ 1 1-^ I 1 ' ^ ^ 
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Answers to lllustr, 



25 

• 1. £ k(k+l) - 



25 . 
k=l 
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Test Questions for Qhaptier 3. 



^ [k(k*l) - k(k-l)] 

k=^l ■ 



£' [k^ + k - k- + k] = 
k-1 



25 25 
I 2k = 2 £ k. 
k-1 k=l 



If students know the sum of an A.P.^ then It is easier to 
find' the answer, but In any case; 
25 

2 Z k = 650. 



2, Since (f'g) f (i-h) * L'i^ , h) wte ^et 



3x I i ) ] 



/■I 



1* 



\ 



I. it 4i , 
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6. 



^7. 









1 lie 




1 n 
















1 










1 ' - 


5 




6 


+ 


16 ■ 


' 1 


P(l) 


= 16 


1 - 


4 




3 


+ 


16 


2 


PCs) 


. 16 


1 


3 


+ 


2 


+ 


16 


3 


P(3) 


=. 16 


* 



















'8. 



values of a and, -2 impossible. 2i¥^)^^ will ountaln 
over 21 dlgltB, while wlii contain waii' 1/ 

digits, so tlic I'lrst tarui ^Voii Vylicii uppiJuILc al^u wl il Ut 

1 000 tlme^ ciS iai'Ke 

(X - i) and (X ♦ ij f^uL.i^^ 



a) 2^,0) and (^/u) uin^^ ^a*^ 



U w i J i , , i .A 



J 

Q 



a) 



( - 



Li 1 riv o Mi) 



i I h Ik 

J 1 u 



i 
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3x5- + 




- aSx"^ 


5 ^ 


42X^ 


+ 7x 


+ 


6 








4 • 


- 25 




42 


+ 7^ ' 




6 








7. 


19 . 




61 






48 


.1 


X if 




1 


- 27 


- 


15 


+ 22 




16 






3 


•2 


- 22 


+ 


'■2 « 


+ 3 


0 


^2 






1 






J. 


0, 




3 






3 


6 


- 3 . 




0 ■ 


-ir 




























3x^ + 


6x 


^ 3 « 




2 

X + 


2x^1) 




0 wheti 


X 




V 




-i 














Cli.'C 






X — 3 , js. -- 




J 

3- 


V 




P(x) - 


3 

X 






0 


5 Ilia 






P' (x) 










Take 


A 


i 





1 .w^2. 



(a) 



^2.£b 



' ( . ^ -" i ( y 



J5 , 



i-' (a) 3lX , 



.1 ..u. 



-.010 J _ 
I 



I 

* 



13. 



and t ( . J i ) i i .,,1 



i^v'If (lx+l)(x^^ = (x+l)(x+2)(3x+5),' then' 
.(x+r)(x+2)[(x+2)Cx+3) L (3x + 5)] =0 
^•(x+a)(x+2) [x^' 4* Sc + 6 - 3x - 5] ' . 
(x+l)(x+2) (5c^ + 2x + 1) = 0 . ' 

(x+l)^(x+2) = 0. 



40, 



15. 



So X = -2 and ""a triple root, x = -1. 

3 « 1)- = - (3+i)x^ - 4x + 12 + 41, 



a) (x-a)(x+2)(x 

b) (x-a)(x+2)(x 



- 3^ 



4 3 P 



l)(x ^ ^ r i) ^ (x^ ^ 4Hx^' « 6x + 10) 



<9 



16. 



u 



(2^-1) 
4 ^ 1 



2x^ ^ (2 ^ l)x + 3 - (x:hl)(2x^ - 2^ + 4 ^ 1 ) .. i 1 

p. 

Quotleijfr la kx - 2x 1 4 1, 
Remaliiclax- la * 



/ 



1 



.^1 



i8 



fx 

h 



0l t l Vv, 












v^lll ai 




u Ail Vaa .joiutluii 


Bet . 


'J 












o 


i 
























. J 




\ 


3 ; ) ^ ,,K 1 




+ 1 










^ 24x 




+ i 







9 « 
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